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PO yv JPP Hvwlpdwhv ri K|eulg Pdfurhfrqrplf Prghov
+Zlwk dq Dssolfdwlrq wr wkh �Qhz Skloolsv Fxuyh�,

Hulf MrqghdxW Khuyì Oh Elkdq_

Rfwrehu 5336
+Iluvw gudiw= Iheuxdu| 5336,

WEdqtxh gh Iudqfh/ Fhqwuh gh uhfkhufkh/ 74046<4 GJHL/ 64 uxh Furl{ ghv Shwlwv Fkdpsv/ :837< Sdulv Fhgh{
34/ h0pdlo= hulf1mrqghdxCedqtxh0iudqfh1iu/ dqg HUXGLWH/ Xqlyhuvlwì Sdulv 45 Ydo0gh0Pduqh1

_Edqtxh gh Iudqfh/ Fhqwuh gh uhfkhufkh/ h0pdlo= khuyh1ohelkdqCedqtxh0iudqfh1iu1
Wklv sdshu kdv ehhq suhvhqwhg dw wkh HVHP lq Dxjxvw 5336/ Vwrfnkrop/ dqg dw vhplqduv dw wkh Edqtxh gh
Iudqfh/ wkh HFE +�Lq dwlrq Shuvlvwhqfh Qhwzrun�,/ HUXGLWH +Xqlyhuvlwì Sdulv 45 Ydo gh Pduqh,/ JUHTDP
+Xqlyhuvlwì gh od Pìglwhuudqìh,/ dqg FRUH +Fdwkrolf Xqlyhuvlw| ri Orxydlq,1 Zh ehqh�whg iurp frpphqwv ri
dqg glvfxvvlrqv zlwk Uxvvhoo Gdylgvrq/ Sdwulfn Iëyh/ Dqguì Nxupdqq/ Iudqêrlv Ohjhqguh/ Mxolhq Pdwkhurq/
Vrskrfohv Pdyurhlglv/ dqg Sdwulfn Vhyhvwuh1 Wklv sdshu grhv qrw qhfhvvdulo| uh hfw wkh ylhzv ri wkh Edqtxh
gh Iudqfh1
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Uìvxpì =

Gh qrpeuhx{ prgëohv pdfurìfrqrpltxhv lqfrusruhqw ghv ìtxdwlrqv �k|eulghv�/ gdqv ohvtxhoohv
fhuwdlqhv yduldeohv vrqw irqfwlrqv ã od irlv gh ohxuv ydohxuv uhwdugìhv hw gh ohxu dqwlflsdwlrq1
Od frxueh gh Skloolsv k|eulgh gh od �qrxyhooh ìfrqrplh nh|qìvlhqqh� hq frqvwlwxh xqh looxvwud0
wlrq1 Ohv hvwlpdwlrqv gh fh w|sh gh prgëohv rqw surgxlw ghv uìvxowdwv hpslultxhv frqwudvwìv =
ohv ìwxghv txl xwlolvhqw ghv hvwlpdwlrqv sdu pd{lpxp gh yudlvhpeodqfh +PY, whqghqw ã wurx0
yhu xqh frpsrvdqwh uhwdugìh grplqdqwh/ doruv txh ohv ìwxghv phwwdqw hq úxyuh od pìwkrgh
ghv prphqwv jìqìudolvìh +PPJ, wurxyhqw txh od g|qdpltxh gh o*lq dwlrq hvw hvvhqwlhoohphqw
wrxuqìh yhuv o*dyhqlu1
Fh sdslhu sursrvh xqh h{solfdwlrq ã fhv uìvxowdwv frq lfwxhov1 Hq lqwurgxlvdqw ghx{ w|shv
g*huuhxu gh vsìfl�fdwlrq vwdqgdug +huuhxu gh phvxuh hw g|qdpltxh pdqtxdqwh,/ qrxv prq0
wurqv txh o*hvwlpdwhxu PY whqg ã vrxv0ìydoxhu oh srlgv gh od frpsrvdqwh dqwlflsìh/ doruv txh
o*hvwlpdwhxu PPJ whqg ã od vxu0ìydoxhu1 Qrxv rewhqrqv fh uìvxowdw gh idêrq dqdo|wltxh gdqv
xq prgëoh vlpsoh1 Ghv vlpxodwlrqv gh Prqwh0Fduor lqgltxhqw txh o*rugrqqdqfhphqw ghv hv0
wlpdwhxuv ghphxuh ydolgh srxu xqh odujh ìwhqgxh gh prgëohv1 D o*dlgh gh vlpxodwlrqv/ qrxv
wurxyrqv txh o*ìfduw rewhqx hqwuh ohv ghx{ hvwlpdwhxuv PPJ hw PY gdqv oh frqwh{wh gh od
qrxyhooh frxueh gh Skloolsv shxw v*h{soltxhu sdu xqh huuhxu gh vsìfl�fdwlrq soxv idflohphqw
txh sdu ghv eldlv gh shwlw ìfkdqwloorq sduirlv lqyrtxìv1

Prwv0foìv = Prgëohv ã dqwlflsdwlrqv udwlrqqhoohv/ Pìwkrgh ghv prphqwv jìqìudolvìh/ Pd{l0
pxp gh yudlvhpeodqfh/ Lq dwlrq/ Qrxyhooh frxueh gh Skloolsv1

Devwudfw=

Pdq| pdfurhfrqrplf prghov lqyroyh k|eulg htxdwlrqv/ lq zklfk vrph yduldeohv duh d ixqfwlrq
ri erwk wkhlu odjv dqg wkhlu h{shfwhg ixwxuh ydoxh1 Wkh k|eulg �Qhz Nh|qhvldq� Skloolsv Fxuyh
lv d surplqhqw h{dpsoh1 Hvwlpdwhv ri vxfk k|eulg prghov kdyh surgxfhg frq lfwlqj hpslulfdo
uhvxowv= Vwxglhv zklfk xvh PO hvwlpdwlrq whqg wr �qg wkh iruzdug0orrnlqj frpsrqhqw wr eh
vpdoo/ zkloh wkrvh xvlqj JPP kdyh uhsruwhg wkh lq dwlrq g|qdplfv wr eh suhgrplqdqwo|
iruzdug0orrnlqj1
Wklv sdshu surylghv d udwlrqdol}dwlrq iru wklv hpslulfdo frq lfw1 Doorzlqj iru wzr dowhuqdwlyh
dqg vwudljkwiruzdug plv0vshfl�fdwlrqv +phdvxuhphqw huuru dqg rplwwhg g|qdplfv, lq d k|eulg
prgho/ zh vkrz wkdw wkh PO hvwlpdwru whqgv wr xqghuydoxh wkh zhljkw ri wkh iruzdug0orrnlqj
frpsrqhqw/ zkloh wkh JPP hvwlpdwru whqgv wr ryhuvwdwh lw1 Wklv uhvxow lv vkrzq wr krog
dqdo|wlfdoo| lq d vlpsoh GJS1 Prqwh0Fduor h{shulphqwv lqglfdwh wkdw lw uhpdlqv ydolg lq d
zlgh udqjh ri pruh sodxvleoh GJSv1 Vlpxodwlrqv dovr vxjjhvw wkdw wkh jds rewdlqhg ehwzhhq
wkh wzr hvwlpdwruv lq wkh frqwh{w ri wkh qhz Skloolsv fxuyh fdq pruh uhdglo| eh dffrxqwhg iru
e| plv0vshfl�fdwlrq/ wkdq e| wkh �qlwh0vdpsoh eldvhv1

Nh|zrugv= Udwlrqdo0h{shfwdwlrq prgho/ JPP hvwlpdwru/ PO hvwlpdwru/ Lq dwlrq/ Qhz
Skloolsv fxuyh1

MHO fodvvl�fdwlrq= F43/ F55/ H641
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Uìvxpì qrq whfkqltxh =

Gh qrpeuhx{ prgëohv pdfurìfrqrpltxhv lqfrusruhqw ghv ìtxdwlrqv �k|eulghv�/ gdqv ohvtxhoohv
fhuwdlqhv yduldeohv vrqw irqfwlrqv ã od irlv gh ohxuv ydohxuv uhwdugìhv hw gh ohxu ydohxu ixwxuh
dqwlflsìh1 O*dsshoodwlrq k|eulgh uhqyrlh dx idlw tx*xq who prgëoh hqjoreh xqh vsìfl�fdwlrq
xqltxhphqw irqgìh vxu ghv whuphv g*dqwlflsdwlrqv/ whooh tx*hooh shxw íwuh gìulyìh sdu od wkìrulh
ìfrqrpltxh � w|sltxhphqw dx wudyhuv g*xqh ìtxdwlrq g*Hxohu �/ hw xqh vsìfl�fdwlrq soxv hp0
slultxh/ gx w|sh dxwruìjuhvvlyh ã uhwdugv ìfkhorqqìv1 Od frxueh gh Skloolsv k|eulgh gh od
�qrxyhooh ìfrqrplh nh|qìvlhqqh� frqvwlwxh xqh looxvwudwlrq qrwdeoh gh fh w|sh gh vsìfl�fd0
wlrqv1 O*lqwìuíw gh fhwwh frxueh gh Skloolsv k|eulgh/ sursrvìh sdu Ixkuhu hw Prruh +4<<8,/
Jdoð hw Jhuwohu +4<<<, rx Fkulvwldqr/ Hlfkhqedxp/ hw Hydqv +5334,/ hvw gh uhqguh frpswh
gh o*lqhuwlh gh o*lq dwlrq/ qrq suìglwh sdu ohv prgëohv wkìrultxhv vrxv0mdfhqwv ã od �qrxyhooh
frxueh gh Skloolsv� +Wd|oru/ 4<;3/ Urwhpehuj/ 4<;5 rx Fdoyr/ 4<;6, gdqv odtxhooh od �{dwlrq
ghv sul{ hvw sxuhphqw wrxuqìh yhuv oh ixwxu1

Vrxv o*k|srwkëvh g*dqwlflsdwlrqv udwlrqqhoohv/ o*hvwlpdwlrq gh prgëohv gh w|sh k|eulgh hvw
jìqìudohphqw phqìh hq xwlolvdqw vrlw od pìwkrgh gx pd{lpxp gh yudlvhpeodqfh +PY,/ vrlw od
pìwkrgh gh prphqwv jìqìudolvìh +PPJ,1 D fhv ghx{ pìwkrghv vrqw dvvrflìhv ghx{ pdqlëuhv
gh suhqguh hq frpswh od suìvhqfh gdqv oh prgëoh gh od yduldeoh g*dqwlflsdwlrq/ txl q*hvw
sdv revhuyìh sdu o*ìfrqrpëwuh1 Od PPJ uhsrvh vxu od surmhfwlrq gh od ydohxu ixwxuh gh od
yduldeoh g*lq dwlrq +revhuyìh h{ srvw sdu o*ìfrqrpëwuh, vxu xq hqvhpeoh srwhqwlhoohphqw odujh
g*lqvwuxphqwv/ vdqv vsìfl�hu od orl g*ìyroxwlrq ghv yduldeohv h{solfdwlyh1 Od pìwkrgh gx PO
uhsrvh vxu od vsìfl�fdwlrq g*xq prgëoh frpsohw gìfulydqw od g|qdpltxh sursuh gh yduldeohv
h{solfdwlyhv/ hw xwlolvh od uìvroxwlrq gh fh prgëoh srxu frqwuxluh xqh ydohxu lpsolflwh g*lq dwlrq
dqwlflsìh frkìuhqwh dyhf oh prgëoh1 Ru/ ohv hvwlpdwlrqv gh frxuehv gh Skloolsv k|eulghv rqw ã
fh mrxu surgxlw ghv uìvxowdwv hpslultxhv frqwudvwìv/ hq sduwlfxolhu hq fh txl frqfhuqh oh srlgv
uhodwli ghv frpsrvdqwhv dqwlflsìh hw lqhuwlhooh gdqv od gìwhuplqdwlrq gx wdx{ g*lq dwlrq1 Ohv
ìwxghv txl xwlolvhqw o*hvwlpdwlrq sdu PY whqghqw ã wurxyhu xqh frpsrvdqwh uhwdugìh +lqhuwlhooh,
grplqdqwh/ doruv txh ohv ìwxghv phwwdqw hq úxyuh od PPJ wurxyhqw txh od g|qdpltxh gh
o*lq dwlrq hvw hvvhqwlhoohphqw lq xhqfìh sdu ohv dqwlflsdwlrqv1

Oh suìvhqw duwlfoh sursrvh xqh h{solfdwlrq ã fhv uìvxowdwv frq lfwxhov1 Wrxw g*derug/ qrxv
vrxoljqrqv ã o*dlgh gh vlpxodwlrqv txh/ vdxi ã lqwurgxluh xq qrpeuh wuëv lpsruwdqw gh ydul0
deohv lqvwuxphqwdohv uhgrqgdqwhv/ ohv eldlv gh shwlw ìfkdqwloorq ghv hvwlpdwhxuv qh shxyhqw
frqgxluh ã xqh gl�ìuhqfh vxewdqwlhooh gdqv o*hvwlpdwlrq gx srlgv gh od frpsrvdqwh dqwlflsìh
gh o*lq dwlrq1 Hq uhydqfkh/ o*lqwurgxfwlrq gh ghx{ w|shv g*huuhxu gh vsìfl�fdwlrq vwdqgdug +hu0
uhxu gh phvxuh hw g|qdpltxh pdqtxdqwh, qrxv shuphw gh g*rewhqlu xqh gl�ìuhqfh lpsruwdqwh
hqwuh ohv hvwlpdwhxuv rewhqxv sdu ohv ghx{ pìwkrghv1 Lo hvw qrwdpphqw prqwuì txh o*hvwlpdwhxu
PY whqg ã vrxv0ìydoxhu oh srlgv gh od frpsrvdqwh dqwlflsìh/ doruv txh o*hvwlpdwhxu PPJ whqg
ã od vxu0ìydoxhu1 Fh uìvxowdw hvw rewhqx gh idêrq dqdo|wltxh gdqv xq prgëoh vlpsoh1 Ghv vlp0
xodwlrqv gh Prqwh0Fduor lqgltxhqw tx*xq who rugrqqdqfhphqw ghv hvwlpdwhxuv PPJ hw PY
ghphxuh ydolgh srxu xqh odujh ìwhqgxh gh ydohxuv ghv sdudpëwuhv1

Ohv uìvxowdwv rewhqxv frqgxlvhqw ã phwwuh o*dffhqw vxu xqh frq�jxudwlrq sduwlfxolëuh gdqv
odtxhooh oh eldlv d�hfwdqw ohv hvwlpdwhxuv PY hw PPJ hvw gh vhqv rssrvì1 Lo v*djlw gx fdv rü
xqh yduldeoh h{solfdwlyh hvw rplvh gh o*ìtxdwlrq g*lqwìuíw/ wrxw hq ìwdqw lqwurgxlwh gdqv oh mhx
g*lqvwuxphqwv gh od PPJ1 Gdqv xq who fdv/ od ydohxu �suìyxh� gh od yduldeoh hqgrjëqh ixwxuh/
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lpsolflwhphqw xwlolvìh gdqv o*ìtxdwlrq g*lqwìuíw sdu od PPJ/ hw rewhqxh sdu surmhfwlrq gh od
ydohxu ixwxuh uìdolvìh vxu ohv gl�ìuhqwv lqvwuxphqwv/ hvw xqh irqfwlrq gh od yduldeoh rplvh1 Gëv
oruv/ fhwwh ydohxu �suìyxh� whqg ã fdswxuhu o*h�hw gh od yduldeoh rplvh vxu od yduldeoh g*lqwìuíw/
hw oh sdudpëwuh dvvrflì ã od frpsrvdqwh dqwlflsìh hvw vxu0ìydoxì1

Gdqv od sduwlh hpslultxh gh qrwuh wudydlo/ qrxv xwlolvrqv ohv uìvxowdwv rewhqxv d�q gh
uhylvlwhu ohv hvwlpdwlrqv gh od frxueh gh Skloolsv k|eulgh vxu grqqìhv dpìulfdlqhv1 Xq ìfduw
hqwuh ohv ghx{ pìwkrghv dssdudñw elhq txdqw ã o*hvwlpdwlrq gx srlgv gh od frpsrvdqwh dqwlflsìh
gh o*lq dwlrq1 D o*dlgh gh vlpxodwlrqv/ qrxv prqwurqv tx*xqh judqgh sduwlh gh o*ìfduw rewhqx
hqwuh ohv ghx{ hvwlpdwlrqv PPJ hw PY shxw v*h{soltxhu sdu xqh huuhxu gh vsìfl�fdwlrq gh
w|sh �g|qdpltxh rplvh�1 Ohv eldlv gh shwlw ìfkdqwloorq/ sduirlv lqyrtxìv/ qh irxuqlvvhqw sdv
xqh h{solfdwlrq vdwlvidlvdqwh1

Lo frqylhqw elhq vþu gh vrxoljqhu txh o*xwlolvdwlrq g*xqh vsìfl�fdwlrq gh w|sh �k|eulgh�
q*hvw sdv olplwìh dx fdv gh od frxueh gh Skloolsv lfl ìwxglì/ hw dssdudñw ìjdohphqw gdqv xq
judqg qrpeuh g*dssolfdwlrqv pdfurìfrqrpltxhv frpph ghv ìtxdwlrqv gh frqvrppdwlrq/ gh
irupdwlrq ghv vwrfnv/ g*lqyhvwlvvhphqw/ hwf1 Whvwhu od shuwlqhqfh ghv uìvxowdwv rewhqxv lfl
srxu fhv gl�ìuhqwv grpdlqhv g*dssolfdwlrq frqvwlwxh xqh yrlh g*dssurirqglvvhphqw srvvleoh gx
suìvhqw wudydlo1

Qrq0whfkqlfdo vxppdu|=

Pdq| pdfurhfrqrplf prghov lqyroyh hvwlpdwlqj d �k|eulg� htxdwlrq/ lq zklfk wkh yduldeoh
ri lqwhuhvw ghshqgv rq lwv h{shfwhg ixwxuh ydoxh dqg lwv odjjhg ydoxh1 Vxfk d vshfl�fdwlrq kdv
ehhq uhihuuhg wr dv k|eulg/ ehfdxvh lw qhvwv d iruzdug0orrnlqj vshfl�fdwlrq riwhq ghulyhg iurp
d Hxohu frqglwlrq dv zhoo dv wkh edfnzdug0orrnlqj dxwruhjuhvvlyh glvwulexwhg0odj vshfl�fdwlrq1
D surplqhqw h{dpsoh lv wkh k|eulg Skloolsv Fxuyh/ lq zklfk wkh lq dwlrq udwh ghshqgv rq lwv
rzq ohdg dqg odj dqg rq uhdo pdujlqdo frvw1 Wklv prgho kdv ehhq sursrvhg e| Ixkuhu dqg
Prruh +4<<8,/ Jdoð dqg Jhuwohu +4<<<, dqg Fkulvwldqr/ Hlfkhqedxp/ dqg Hydqv +5334,/ lq
rughu wr lqwurgxfh vrph lq dwlrq shuvlvwhqfh lq wkh sxuho| iruzdug0orrnlqj prgho ri Wd|oru
+4<;3,/ Urwhpehuj +4<;5,/ dqg Fdoyr +4<;6,1

Hvwlpdwlrq ri vxfk dq htxdwlrq xqghu wkh udwlrqdo0h{shfwdwlrq dvvxpswlrq w|slfdoo| lq0
yroyhv hlwkhu wkh Jhqhudol}hg0Phwkrg0ri0Prphqw +JPP, ru wkh Pd{lpxp0Olnholkrrg +PO,
dssurdfk1 JPP dqg PO duh dowhuqdwlyh surfhgxuhv wr frsh zlwk wkh xqrevhuyhg iruzdug0
orrnlqj frpsrqhqw ri wkh k|eulg prgho1 Rq rqh kdqg/ JPP h{suhvvhv wkh h{shfwhg yduldeoh
dv d ixqfwlrq ri dq lqvwuxphqw vhw/ zlwkrxw uhihuulqj wr wkh vwuxfwxuh ri wkh surfhvv gulylqj
wkh iruflqj yduldeoh1 Rq wkh rwkhu kdqg/ PO surgxfhv prgho0frqvlvwhqw iruhfdvwv lq wdnlqj
lqwr dffrxqw wkh vwuxfwxuh ri wkh htxdwlrq iru wkh iruflqj yduldeoh1 Zkloh wkh wzr dssurdfkhv
duh dv|pswrwlfdoo| htxlydohqw/ d uhfxuuhqw �qglqj lv wkdw hpslulfdo hvwlpdwhv ri wkh k|eulg
prgho surgxfh frqwudvwlqj uhvxowv/ vxjjhvwlqj wkdw wkh hvwlpdwlrq phwkrg sod|v d uroh lq wkh
frq lfw1 Iru lqvwdqfh/ vwxglhv edvhg rq wkh PO dssurdfk whqg wr rewdlq wkdw wkh iruzdug0
orrnlqj frpsrqhqw lq XV lq dwlrq lv hvvhqwldoo| xqlpsruwdqw1 Lq frqwudvw/ vwxglhv xvlqj wkh
JPP dssurdfk jhqhudoo| uhsruw wkdw wkh iruzdug0orrnlqj frpsrqhqw lv grplqdqw1

Wkh sxusrvh ri wkh suhvhqw sdshu lv wr udwlrqdol}h wkh glvfuhsdqf| ehwzhhq hpslulfdo hv0
wlpdwhv rewdlqhg xvlqj wkh PO dqg JPP dssurdfkhv/ zlwk d irfxv rq wkh iruzdug0orrnlqj
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sdudphwhu1 Zh �uvw srlqw wkdw/ xqohvv d odujh qxpehu ri luuhohydqw lqvwuxphqwv lv xvhg/ �qlwh0
vdpsoh eldvhv duh qrw olnho| wr �oo wkh jds ehwzhhq sdudphwhu hvwlpdwhv w|slfdoo| rewdlqhg
lq hpslulfdo dssolfdwlrqv1 Zh wkhq vkrz wkdw wzr qdwxudo plv0vshfl�fdwlrqv +phdvxuhphqw
huuru lq wkh iruflqj yduldeoh dqg rplwwhg g|qdplfv, fdq surgxfh odujh glvfuhsdqflhv1 Wkhvh
uhvxowv duh hvwdeolvkhg dqdo|wlfdoo| lq d vw|ol}hg uhsuhvhqwdwlyh iudphzrun1 Lqwhuhvwlqjo|/ lq
prvw fdvhv/ wkh suredelolw| olplwv ri wkh JPP dqg PO hvwlpdwruv ri wkh ghjuhh ri iruzdug0
orrnlqjqhvv duh eldvhg lq rssrvlwh gluhfwlrqv zlwk uhvshfw wr wkh wuxh ydoxh ri wkh sdudphwhu1
Xvlqj Prqwh0Fduor vlpxodwlrqv/ zh looxvwudwh wkdw wkh glvfuhsdqf| ri hvwlpdwruv fduulhv rq wr
pruh frpsoh{ prghov/ zklfk fdqqrw eh vroyhg dqdo|wlfdoo|1 Rxu uhvxowv vkhg vrph oljkw rq
wkh orqj0odvwlqj hpslulfdo ghedwh ryhu wkh lpsruwdqfh ri wkh iruzdug0orrnlqj frpsrqhqw lq
wkh k|eulg Skloolsv fxuyh1 Rxu hylghqfh vxjjhvwv wkdw wkh frq lfw ehwzhhq hvwlpdwhv uhsruwhg
lq wkh hpslulfdo olwhudwxuh pd| eh udwlrqdol}hg e| dq rplwwhg g|qdplfv1

Uhvxowv lq wkh suhvhqw sdshu srlqw wr rqh fulwlfdo vrxufh ri wkh glvfuhsdqf| lq hvwlpdwruv
ri d k|eulg htxdwlrq= wkdw d uhohydqw iruflqj yduldeoh lv rplwwhg iurp wkh hvwlpdwhg htxdwlrq
exw lqfoxghg lq wkh JPP lqvwuxphqw vhw1 Vxfk dq lqvwdqfh/ udwkhu olnho| li d odujh qxpehu ri
lqvwuxphqwv lv xvhg/ zloo fdxvh wkh ohdg ri wkh ghshqghqw yduldeoh wr fdswxuh wkh h�hfw ri wkh
rplwwhg yduldeoh/ dqg lwv sdudphwhu wr eh ryhu0hvwlpdwhg1 Lq wkh w|sh ri vhw0xs dqdo|}hg khuh/
plv0vshfl�fdwlrq ri wkh htxdwlrq ri lqwhuhvw lv w|slfdoo| irxqg wr eh pruh kdupixo wr wkh JPP
hvwlpdwru wkdq wr wkh PO hvwlpdwru1 Wklv �qglqj wr vrph h{whqw edodqfhv wkh zhoo0nqrzq
idfw wkdw lq udwlrqdo0h{shfwdwlrq prghov/ PO pd|/ xqolnh JPP/ vx�hu iurp plv0vshfl�fdwlrq
ri wkh dx{loldu| prgho1

Lq wkh hpslulfdo sduw/ zh xvh rxu wkhruhwlfdo uhvxowv wr lqyhvwljdwh wkh frqwudvwlqj hvwlpdwhv
ri wkh k|eulg Skloolsv fxuyh rewdlqhg rq XV gdwd1 Zh dfwxdoo| rewdlq d jds ehwzhhq JPP
dqg PO hvwlpdwhv ri wkh iruzdug0orrnlqj frpsrqhqw1 Xvlqj Prqwh0Fduor vlpxodwlrqv/ zh vkrz
wkdw d odujh sduw ri wkh glvfuhsdqf| ehwzhhq wkh wzr hvwlpdwhv fdq eh h{sodlqhg e| d plv0
vshfl�fdwlrq vxfk dv dq rplwwhg g|qdplfv1 Ilqlwh0vdpsoh eldvhv/ lq frqwudvw/ duh qrw deoh wr
�oo wkh jds ehwzhhq wkhvh hvwlpdwhv1

Lw lv zruwk qrwlflqj wkdw wkh k|eulg vshfl�fdwlrq lv qrw uhvwulfwhg wr wkh Skloolsv fxuyh dqg
pd| eh uhohydqw iru d qxpehu ri pdfurhfrqrplf yduldeohv/ vxfk dv frqvxpswlrq/ vwrfnv/ ru
lqyhvwphqw1 Lqyhvwljdwlqj wkh uhohydqfh ri rxu uhvxowv wr wkhvh ydulrxv �hogv lv ohiw iru ixuwkhu
uhvhdufk1
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4 Lqwurgxfwlrq

Pdq| pdfurhfrqrplf prghov lqyroyh hvwlpdwlqj d �k|eulg� htxdwlrq ri wkh irup=

\| @ $sH|\|n� . $K\|3� . �]| . %|> +4,

zkhuh \| ghqrwhv wkh ghshqghqw yduldeoh/ ]| wkh iruflqj yduldeoh/ %| wkh huuru whup/ dqg H| wkh
h{shfwdwlrq frqglwlrqdo rq wkh dydlodeoh lqirupdwlrq1 Vxfk d vshfl�fdwlrq kdv ehhq uhihuuhg wr
dv k|eulg/ ehfdxvh lw qhvwv d iruzdug0orrnlqj vshfl�fdwlrq riwhq ghulyhg iurp d Hxohu frqglwlrq
dv zhoo dv wkh edfnzdug0orrnlqj dxwruhjuhvvlyh glvwulexwhg0odj vshfl�fdwlrq1

D surplqhqw h{dpsoh lv wkh k|eulg Skloolsv Fxuyh/ lq zklfk wkh lq dwlrq udwh ghshqgv rq
lwv rzq ohdg dqg odj dqg rq uhdo pdujlqdo frvw1 Wklv prgho kdv ehhq sursrvhg e| Ixkuhu dqg
Prruh +4<<8,/ Jdoð dqg Jhuwohu +4<<<,/ dqg Fkulvwldqr/ Hlfkhqedxp/ dqg Hydqv +5334,/ lq
rughu wr lqwurgxfh vrph lq dwlrq shuvlvwhqfh lq wkh sxuho| iruzdug0orrnlqj prgho ri Wd|oru
+4<;3,/ Urwhpehuj +4<;5,/ dqg Fdoyr +4<;6,1 Vhyhudo lqwhusuhwdwlrqv iru wkh suhvhqfh ri d odj
lq htxdwlrq +4, kdyh ehhq sxw iruzdug lq wkh uhfhqw olwhudwxuh rq wkh Skloolsv fxuyh=

Iru lqvwdqfh/ lq d prgho zlwk vwdjjhuhg frqwudfwv/ vxfk d vshfl�fdwlrq lv rewdlqhg zkhq
djhqwv fduh derxw uhodwlyh uhdo zdjhv ryhu wkh olih ri wkh zdjh frqwudfw +Ixkuhu dqg Prruh/
4<<8,/ zkloh vrph �upv xvlqj d qrq0udwlrqdo uxoh ri wkxpe wr vhw wkhlu sulfh pd| vhw wkhlu
sulfh rq wkh edvlv ri sdvw lq dwlrq +Jdoð dqg Jhuwohu/ 4<<</ ru Dpdwr dqg Odxedfk/ 5336,1
Nr}lfnl dqg Wlqvoh| +5335, dovr vxjjhvw wkdw htxdwlrq +4, pd| eh ylhzhg dv wkh uhgxfhg irup
ri udwlrqdo0h{shfwdwlrq prghov zlwk iulfwlrqv rq sulfh dgmxvwphqw1 Dowhuqdwlyh looxvwudwlrqv ri
htxdwlrq +4, pd| eh irxqg lq wkh olwhudwxuh rq lqyhqwrulhv +Ixkuhu/ Prruh/ dqg Vfkxk/ 4<<8,/
rq lqyhvwphqw +Rolqhu/ Uxghexvfk/ dqg Vlfkho/ 4<<9,/ rq frqvxpswlrq +Ixkuhu/ 5333,/ ru pruh
uhfhqwo| rq rxwsxw jds +Ixkuhu dqg Uxghexvfk/ 5335,1

Hvwlpdwlrq ri htxdwlrq +4, xqghu wkh udwlrqdo0h{shfwdwlrq dvvxpswlrq w|slfdoo| lqyroyhv hl0
wkhu wkh Jhqhudol}hg Phwkrg ri Prphqw +JPP, ru wkh Pd{lpxp0Olnholkrrg +PO, dssurdfk/
wr frsh zlwk wkh xqrevhuyhg iruzdug0orrnlqj frpsrqhqw ri wkh k|eulg prgho14 Rq rqh kdqg/
JPP h{suhvvhv wkh h{shfwhg yduldeoh H|\|n� dv d ixqfwlrq ri dq lqvwuxphqw vhw/ zlwkrxw
uhihuulqj wr wkh vwuxfwxuh ri wkh surfhvv gulylqj wkh iruflqj yduldeoh1 Rq wkh rwkhu kdqg/ PO
surgxfhv prgho0frqvlvwhqw iruhfdvwv ri \|n� lq wdnlqj lqwr dffrxqw wkh vwuxfwxuh ri wkh htxd0
wlrq iru ]|1 Zkloh wkh wzr dssurdfkhv duh dv|pswrwlfdoo| htxlydohqw/ d uhfxuuhqw �qglqj lv
wkdw hpslulfdo hvwlpdwhv ri wkh k|eulg prgho surgxfh frqwudvwlqj uhvxowv/ vxjjhvwlqj wkdw wkh
hvwlpdwlrq phwkrg sod|v d uroh lq wkh frq lfw1 Iru lqvwdqfh/ Ixkuhu +4<<:,/ xvlqj wkh PO ds0
surdfk/ �qgv wkh iruzdug0orrnlqj frpsrqhqw lq XV lq dwlrq wr eh hvvhqwldoo| xqlpsruwdqw1 Lq
frqwudvw/ Jdoð dqg Jhuwohu +4<<<,/ xvlqj wkh JPP dssurdfk/ uhsruw wkdw wkh iruzdug0orrnlqj
frpsrqhqw lv grplqdqw15 Vlploduo|/ Ixkuhu dqg Uxghexvfk +5335, hvwlpdwh d k|eulg L0V fxuyh

4Wkh suhvhqw sdshu grhv qrw irfxv rq wkh frpsdulvrq ri JPP dqg PO dv hvwlpdwlrq phwkrgv shu vh/ exw
udwkhu dv dowhuqdwlyh surfhgxuhv wr shuirup d surmhfwlrq ri d udwlrqdo0h{shfwdwlrq whup rqwr dq lqirupdwlrq vhw1
Lq sduwlfxodu/ zh gr qrw sxw hpskdvlv rq lvvxhv vxfk dv fkrrvlqj wkh suhflvh vkdsh ri wkh olnholkrrg ixqfwlrq
ru wkh rswlpdo JPP zhljkwlqj pdwul{1 Lq sduwlfxodu/ lq wkh fdvh zh frqvlghu dqdo|wlfdoo|/ JPP uhgxfhv wr
wzr0vwdjh ohdvw0vtxduh hvwlpdwlrq1

5Wkhuh duh vrph h{fhswlrqv wr wklv eurdg slfwxuh1 Nxupdqq +5335, rewdlqv d grplqdqw iruzdug0orrnlqj
frpsrqhqw/ zkloh xvlqj dq PO hvwlpdwlrq dssurdfk1 Lq frqwudvw/ Pd +5335, rewdlqv JPP hvwlpdwhv lq zklfk
odjjhg lq dwlrq lv doprvw dv lpsruwdqw dv h{shfwhg lq dwlrq1
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xvlqj erwk hvwlpdwlrq surfhgxuhv/ dqg �qg wkdw wkh JPP hvwlpdwh ri wkh iruzdug0orrnlqj
sdudphwhu lv v|vwhpdwlfdoo| odujhu wkdq wkh PO hvwlpdwh1

Wkh sxusrvh ri wkh suhvhqw sdshu lv wr udwlrqdol}h wkh glvfuhsdqf| ehwzhhq hpslulfdo hv0
wlpdwhv rewdlqhg xvlqj wkh PO dqg JPP dssurdfkhv/ zlwk d irfxv rq wkh iruzdug0orrnlqj
sdudphwhu $s 1 Wklv sdudphwhu lv lqghhg fuxfldo lq pdq| dssolfdwlrqv1 Iru lqvwdqfh/ lq wkh
qhz Skloolsv fxuyh frqwh{w/ wkh ydoxh ri wklv sdudphwhu kdv gudpdwlf lpsolfdwlrqv iru srolf|
sxusrvhv/ vlqfh lw gluhfwo| d�hfwv wkh h�hfwlyhqhvv ri prqhwdu| srolf| +vhh Ixkuhu/ 4<<:,1 Zh
�uvw srlqw wkdw/ xqohvv d odujh qxpehu ri luuhohydqw lqvwuxphqwv lv xvhg/ �qlwh0vdpsoh eldvhv
duh xqolnho| wr �oo wkh jds ehwzhhq sdudphwhu hvwlpdwhv w|slfdoo| rewdlqhg lq hpslulfdo dssol0
fdwlrqv1 Zh wkhq vkrz wkdw wzr qdwxudo plv0vshfl�fdwlrqv +phdvxuhphqw huuru lq wkh iruflqj
yduldeoh dqg rplwwhg g|qdplfv, fdq surgxfh odujh glvfuhsdqflhv1 Wkhvh uhvxowv duh hvwdeolvkhg
dqdo|wlfdoo| lq d vw|ol}hg uhsuhvhqwdwlyh iudphzrun1 Lqwhuhvwlqjo|/ lq prvw fdvhv/ wkh suredelo0
lw| olplwv ri wkh JPP dqg PO hvwlpdwruv ri wkh ghjuhh ri iruzdug0orrnlqjqhvv duh eldvhg lq
rssrvlwh gluhfwlrqv zlwk uhvshfw wr wkh wuxh ydoxh ri wkh sdudphwhu1 Xvlqj Prqwh0Fduor vlp0
xodwlrqv/ zh looxvwudwh wkdw wkh glvfuhsdqf| ri hvwlpdwruv fduulhv rq wr pruh uhdolvwlf prghov/
zklfk fdqqrw eh vroyhg dqdo|wlfdoo|1 Rxu uhvxowv vkhg vrph oljkw rq wkh orqj0odvwlqj hpslulfdo
ghedwh ryhu wkh lpsruwdqfh ri wkh iruzdug0orrnlqj frpsrqhqw lq wkh k|eulg Skloolsv fxuyh1
Rxu hylghqfh vxjjhvwv wkdw wkh frq lfw ehwzhhq hvwlpdwhv uhsruwhg lq wkh hpslulfdo olwhudwxuh
pd| eh udwlrqdol}hg/ wr d juhdw h{whqw/ e| dq rplwwhg g|qdplfv1

Wkh lvvxh zh duh frqfhuqhg zlwk kdv ehhq wdfnohg e| vhyhudo uhfhqw sdshuv1 Rq rqh kdqg/
zh exlog rq sdshuv zklfk dqdo|}h JPP hvwlpdwruv xqghu plv0vshfl�fdwlrq lq wkh frqwh{w ri
wkh qhz Skloolsv fxuyh1 Iluvw/ Uxgg dqg Zkhodq +5334, frqvlghu wkh fdvh zkhuh d yduldeoh
lv plvvlqj lq wkh hvwlpdwhg uhjuhvvlrq/ exw lqfoxghg lq wkh lqvwuxphqw vhw1 Vhfrqg/ Pdyurhl0
glv +5334, glvfxvvhv lghqwl�fdwlrq lq wkh qhz Skloolsv fxuyh/ dqg lqyhvwljdwhv plv0vshfl�fdwlrq
edvhg rq rplwwhg g|qdplfv1 Rq wkh rwkhu kdqg/ Olqgì +5334, frpsduhv wkh �qlwh0vdpsoh
shuirupdqfh ri JPP dqg PO hvwlpdwhv ri wkh k|eulg Skloolsv fxuyh xvlqj Prqwh0Fduor vlp0
xodwlrqv dqg lqyhvwljdwhv wkh frqvhtxhqfhv ri d phdvxuhphqw huuru lq wkh rxwsxw jds1 Lq wkh
frqwh{w ri d k|eulg Hxohu htxdwlrq iru rxwsxw/ Ixkuhu dqg Uxghexvfk +5335, h{soruh wkh h{whqw
ri wkh �qlwh0vdpsoh eldv ri JPP dqg PO hvwlpdwhv xvlqj vlpxodwlrqv dv zhoo1 Wkh suhvhqw
sdshu h{whqgv wkh suhylrxv olwhudwxuh e| surylglqj dqdo|wlfdo uhvxowv uhodwhg wr erwk JPP
dqg PO hvwlpdwruv xqghu plv0vshfl�fdwlrq1

Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5/ zh ghvfuleh wkh vw|ol}hg
GJS xvhg lq rxu dqdo|vlv/ dqg ghvfuleh wkh JPP dqg PO hvwlpdwruv1 Zh dovr lqyhvwljdwh wkh
vl}h ri wkh �qlwh0vdpsoh eldv ri wkrvh hvwlpdwruv1 Vhfwlrq 6 h{soruhv krz phdvxuhphqw huuru lq
wkh iruflqj yduldeoh dqg rplwwhg g|qdplfv d�hfw wkh hvwlpdwru eldv1 Vhyhudo dqdo|wlfdo uhvxowv
frqfhuqlqj wkh udqnlqj ri hvwlpdwruv duh sursrvhg1 Lq Vhfwlrq 7/ zh frqvlghu d pruh jhqhudo
prgho zlwk vrph ihhgedfn iurp wkh ghshqghqw yduldeoh wrzdugv wkh iruflqj yduldeoh1 Wklv fdvh
lv lqyhvwljdwhg xvlqj Prqwh0Fduor h{shulphqwv/ vlqfh wkh prgho fdqqrw eh vroyhg dqdo|wlfdoo|1
Lq Vhfwlrq 8/ zh looxvwudwh wkdw wkh frqwudvwlqj �qglqjv rewdlqhg lq wkh hpslulfdo olwhudwxuh rq
wkh qhz Skloolsv fxuyh fdq eh udwlrqdol}hg xvlqj wkh uhvxowv rewdlqhg lq wklv sdshu1 Vhfwlrq 9
surylghv frqfoxglqj uhpdunv1
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5 D vw|ol}hg GJS zlwk d vlqjoh odj dqg ohdg k|eulg htxdwlrq

514 Wkh GJS

Lq wklv vhfwlrq/ zh ehjlq zlwk d ghvfulswlrq ri rxu edvholqh GJS dqg ri wkh hvwlpdwruv wkdw
zloo eh xvhg lq wkh uhpdlqlqj ri wkh sdshu1 Wkh vw|ol}hg GJS lqfoxghv wkh k|eulg htxdwlrq/
lq zklfk erwk d odj dqg dq h{shfwhg ohdg ri wkh ghshqghqw yduldeoh duh lqwurgxfhg/ dv zhoo dv
dq DU+4, iruflqj yduldeoh=

\| @ $sH|\|n� . +4� $s ,\|3� . �]| . %| +5,

]| @ �]|3� . x|= +6,

W|slfdoo|/ lq wkh k|eulg Skloolsv fxuyh/ \| uhsuhvhqwv lq dwlrq dqg ]| wkh +orj, uhdo pdujlqdo
frvw1 Zh dvvxph wkh gdwd wr eh fhqwhuhg1 Iru frqyhqlhqfh/ huuru whupv %| dqg x| duh dv0
vxphg wr eh frqwhpsrudqhrxvo| dqg vhuldoo| xqfruuhodwhg zklwh qrlvhv/ zlwk �20 @ H

�
%2|
�
dqg

�2� @ H
�
x2|

�
1 Vwuxfwxudo sdudphwhuv duh wkhuhiruh � @

�
$s > �> �> �

2
0> �

2
�

�
/ zlwk

�
$s > �> �

2
0

�
wkh

sdudphwhuv ri lqwhuhvw/ dqg
�
�> �2�

�
wkh qxlvdqfh sdudphwhuv16

Lq rughu wr rewdlq dqdo|wlfdo vroxwlrqv/ zh dvvxph/ iru wkh prphqw/ wkdw wkh g|qdplfv
ri wkh iruflqj yduldeoh lv jlyhq e| dq DU+4, surfhvv/ vr wkdw ]| lv vwurqjo| h{rjhqrxv zlwk
uhvshfw wr wkh sdudphwhuv ri lqwhuhvw1 Lq dgglwlrq/ iru wkh sdudphwhuv wr eh lghqwl�hg/ zh dovr
lpsrvh wkdw wkh vxp wkh iruzdug0orrnlqj dqg edfnzdug0orrnlqj sdudphwhuv vxp wr rqh/ vr
wkdw $s . $K @ 41 Vxfk dq dvvxpswlrq lv lpsolhg e| wkh wkhruhwlfdo ghulydwlrqv ri wkh k|eulg
Skloolsv fxuyh lq Ixkuhu dqg Prruh +4<<8, ru Fkulvwldqr/ Hlfkhqedxp/ dqg Hydqv +5334,1
Pruhryhu/ wkh xqghuo|lqj vwuxfwxudo prgho sursrvhg e| Jdoð dqg Jhuwohu +4<<<, lpsolhv wkdw
$s . $K lv yhu| forvh wr/ exw vwulfwo| ohvv wkdq/ rqh1

Wkh surshuwlhv ri wkh prgho fdq eh ghulyhg iurp wkh fkdudfwhulvwlf sro|qrpldo jlyhq e|�
4� $sO

3� � +4� $s ,O
�
1 Wkh wzr urrwv duh *� @ +4� $s , @$s dqg *2 @ 41 Dffruglqj wr wkh

frqglwlrqv iru h{lvwhqfh dqg xqltxhqhvv ri vroxwlrq wr udwlrqdo0h{shfwdwlrq prghov/ hvwdeolvkhg
e| Eodqfkdug dqg Ndkq +4<;3,/ wzr vlwxdwlrqv fdq eh hqfrxqwhuhg lq wkh fdvh $s . $K @ 41
Zkhq $s � 3=8 +l1h1/ *� � 4,/ wkh vroxwlrq lv xqltxh/ exw wkh surfhvv \| lv qrq0vwdwlrqdu|1 Zkhq
$s A 3=8 +l1h1/ *� ? 4,/ h{lvwhqfh ri d vwdwlrqdu| vroxwlrq lv jxdudqwhhg/ exw wkh vroxwlrq lv
qrw xqltxh1 Vwdwlrqdulw| ri wkh prgho dovr uhtxluhv wkh iruflqj yduldeoh wr eh vwdwlrqdu|/ zklfk
lpsolhv m�m ? 41

Vlqfh rxu sxusrvh lv wr frpsduh wkh surshuwlhv ri hvwlpdwruv lq wkh frqwh{w ri d k|eulg
htxdwlrq/ zh duh sulpdulo| lqwhuhvwhg lq vwdwlrqdu| prghov dqg/ wkhuhiruh/ zh dvvxph/ iru wkh
prphqw/ wkdw $s A 3=81 Qrwh wkdw/ zkhq pruh jhqhudo g|qdplfv ri wkh iruflqj yduldeoh duh
frqvlghuhg/ d vwdwlrqdu| surfhvv fdq eh dwwdlqhg iru d zlghu udqjh ri ydoxhv iru $s 1 Wklv lvvxh lv
dgguhvvhg lq ghwdlov lq Vhfwlrq 7/ lq zklfk wkh iruflqj yduldeoh lv doorzhg wr ghshqg rq \|3�17

Qrwh dovr wkdw/ vlqfh lq pdq| prghov $s fdq eh ylhzhg dv wkh iudfwlrq ri iruzdug0orrnlqj
djhqwv/ hfrqrplf lqwhusuhwdwlrq vxjjhvwv $s � 4 +l1h1/ *� � 3,/ dowkrxjk wklv dvvxpswlrq lv
qrw qhfhvvdu| iurp d vwdwlvwlfdo ylhzsrlqw iru wkh surfhvv \| wr eh vwdwlrqdu|1 Rxu pdlqwdlqhg

6Wkhvh sdudphwhuv duh frqvlghuhg dv vwuxfwxudo khuh/ exw wkh| duh xvxdoo| gh�qhg dv ixqfwlrqv ri �ghhs�
sdudphwhuv zklfk uh hfw frqvwudlqwv dqg suhihuhqfhv ri djhqwv1

7 Lq wkh hpslulfdo sduw ri wkh sdshu/ zh zloo dovr uhod{ rxu dvvxpswlrq dqg doorz /s n/K wr eh vpdoohu wkdq
rqh1

;



dvvxpswlrqv iru wkh prgho +5,�+6, duh wkxv 3=8 ? $s � 4 +ru/ htxlydohqwo|/ 3 � *� ? 4, dqg
m�m ? 41

Xqghu vwdwlrqdulw|/ wkh uhgxfhg0irup/ ixqgdphqwdo vroxwlrq ri wkh GJS lv jlyhq e|

\| @ *�\|3� . �]| . �%| +7,

zkhuh � @ �@ +$s +4� �,,/ dqg �%| @ %|@$s = Zh gh�qh ��20 @ H
�
�%2|
�
@ �20@$

2
s 1

Ehiruh glvfxvvlqj wkh zd| hvwlpdwruv duh frqvwuxfwhg/ zh qhhg wr dgguhvv wkh lpsruwdqw
lvvxh ri qrq0xqltxhqhvv ri wkh vroxwlrq zklfk rffxuv zkhq $s A 3=81 Wkh jhqhudo irup uhsuh0
vhqwdwlrq lv jlyhq e| vroylqj htxdwlrq +5, iru \|n�/ zklfk |lhogv

\| @
4

$s
\|3� � 4� $s

$s
\|32 � �

$s
]|3� � 4

$s
%|3� . �| +8,

zkhuh �| @ \| �H|3�\| lv wkh djhqwv* iruhfdvw huuru1 Xqghu udwlrqdo h{shfwdwlrqv/ wkh surfhvv
�| lv d pduwlqjdoh gl�huhqfh vhtxhqfh/ vxfk wkdw H|3��| @ 31 Wkh jhqhudo vroxwlrq +8, dozd|v
vdwlv�hv htxdwlrq +5,1 Krzhyhu/ lw uhgxfhv wr wkh iruzdug0orrnlqj vroxwlrq +7, rqo| zkhq
�| @ �%| . �x|=

Wkh jhqhulf vroxwlrq lv wkhq jlyhq e|

\| @ *�\|3� . �]| . �%| . �| +9,

zkhuh �| vdwlv�hv
8

�| @ �|3� � �%| � �x| . �|= +:,

Dq lpsruwdqw frqvhtxhqfh ri wklv uhvxow lv wkdw/ dprqj wkh lq�qlwh vhw ri vroxwlrqv wr wkh
sureohp +5,�+6,/ rqo| wkh vxqvsrw0iuhh +ixqgdphqwdo, vroxwlrq +7, gh�qhv d vwdwlrqdu| surfhvv
\|1 Wklv uhvxow frphv iurp wkdw htxdwlrq +:, gh�qhv d qrq0vwdwlrqdu| surfhvv �|1

Lq wkh uhpdlqghu/ zh zloo irfxv rq wkh vwdwlrqdu| vroxwlrq iru wkh surfhvv \|/ jlyhq e|
htxdwlrq +7,1 Lq wkh qhz Skloolsv fxuyh frqwh{w/ dv lq rwkhu dssolfdwlrqv/ lw lv hfrqrplfdoo|
uhdvrqdeoh wr uxoh rxw qrq0vwdwlrqdu| exeeohv1 Qrwh/ lq dgglwlrq/ wkdw vxfk d qrq0vwdwlrqdu|
uhsuhvhqwdwlrq iru d k|eulg prgho lv yhu| xqolnho| wr rffxu lq d pruh jhqhudo g|qdplf htxlole0
ulxp prgho zlwk udwlrqdo h{shfwdwlrqv19

8Wklv uhvxow lv rewdlqhg e| revhuylqj wkdw wkh jhqhudo irup uhsuhvhqwdwlrq +8, fdq eh uhzulwwhq/ xvlqj
htxdwlrq +:,

t| '
�

/s

t|3� 3 �3 /s

/s

t|32 3 q

/s

~|3� 3 �

/s

0|3� n
�
1| 3 1|3�

n �0| n w�|
�

E�3 u� E�3 )
�
u�t| '

q

/s E�3 4�
E~| 3 ~|3�� n E�0| 3 �0|3�� n

�
1| 3 1|3�

�
t| ' )

�
t|3� n

q

/s E�3 4�
~| n �0| n 1|c

zklfk lv htxdwlrq +9,1
9Iru lqvwdqfh/ lq wkh prgho sursrvhg e| Fkulvwldqr/ Hlfkhqedxp/ dqg Hydqv +5334,/ wkh k|eulg Skloolsv

fxuyh lv ghvljqhg dv rxu htxdwlrq +5,/ zlwk /s ' B* E� n B�/ /K ' �* E� n B�/ dqg /s n /K ' �1 Lq dgglwlrq/
B lv wkh glvfrxqw idfwru/ vr wkdw /s lv orzhu wkdq 3181 Wkhuhiruh/ lq d vhw0xs olnh htxdwlrqv +5,�+6,/ hyhq
zlwk d vwdwlrqdu| iruflqj yduldeoh/ wkh Eodqfkdug0Ndkq frqglwlrqv lqglfdwh wkdw wkh lq dwlrq surfhvv zrxog eh
qrq0vwdwlrqdu|1 Lq wkh frpsohwh prgho/ krzhyhu/ wkh surfhvv iru wkh iruflqj yduldeoh doorzv iru ihhgedfn iurp
lq dwlrq/ vr wkdw wkh lq dwlrq surfhvv lv uhdglo| vwdwlrqdu|1
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Dq dowhuqdwlyh zd| wr vlqjoh rxw wkh udwlrqdo0h{shfwdwlrq vroxwlrq +7, lv wr uhvruw wr wkh
plqlpxp vwdwh yduldeoh dssurdfk ghyhorshg e| PfFdooxp +4<;6,/ zkr dujxhv wkdw djhqwv zloo
lqfoxgh lq wkhlu iruhfdvwlqj uxohv d plqlpdo vhw ri vwdwh yduldeohv1: D gh�qlwh dgydqwdjh ri wklv
surfhgxuh lv wkdw lw grhv qrw uho| xsrq dq| dvvxpswlrq ru frqglwlrq frqfhuqlqj wkh g|qdplf
vwdelolw| ri wkh v|vwhp1 Lq rxu frqwh{w/ wkh plqlpxp vwdwh yduldeoh dssurdfk suhfoxghv \|32
iurp wkh uhgxfhg0irup vroxwlrq +8,1

515 Hvwlpdwruv

Vlqfh rqh ri wkh uhjuhvvruv +wkh h{shfwhg whup, lv fruuhodwhg wr wkh huuru whup/ ROV hvwlpdwlrq
ri wkh htxdwlrq

\| @ $s\|n� . +4� $s ,\|3� . �]| . %�|>

zkhuh %�| @ %|�$s +\|n� �H|\|n�,/ |lhogv lqfrqvlvwhqw hvwlpdwruv1 Wzr dowhuqdwlyh hvwlpdwlrq
surfhgxuhv fdq wkhq eh frqvlghuhg wr frsh zlwk wklv sureohp/ JPP dqg PO1

51514 Wkh JPP hvwlpdwru

Wkh JPP dssurdfk uhgxfhv wr wkh wzr0vwdjh ohdvw0vtxduh hvwlpdwlrq lq wklv iudphzrun1 Lw
frqvlvwv lq uhjuhvvlqj \|n� rq lqvwuxphqwv zklfk duh xqfruuhodwhg zlwk wkh huuru whup %�|
exw fruuhodwhg zlwk wkh hqgrjhqrxv uhjuhvvru +\|n�,1 Vlqfh wzr sdudphwhuv +*� dqg � ru/
htxlydohqwo|/ $s dqg �, kdyh wr eh hvwlpdwhg/ dw ohdvw wzr lqvwuxphqwv duh qhhghg wr dfklhyh
lghqwl�fdwlrq1 Dvvxplqj wkh hfrqrphwulfldq nqrzv wkh wuxh vshfl�fdwlrq +5,/ exw grhv qrw
zdqw wr vshfli| wkh g|qdplfv ri wkh iruflqj yduldeoh/ wkh rswlpdo JPP hvwlpdwru lv rewdlqhg
xvlqj dv lqvwuxphqw vhw i\|3�> ]|j1 Wklv hvwlpdwru uholhv rq wkh iroorzlqj prphqw frqglwlrqv=

H ^\|3� � +\| � $s\|n� � +4� $s ,\|3� � �]|,` @ 3

H ^]| � +\| � $s\|n� � +4� $s ,\|3� � �]|,` @ 3=

Vlqfh wkh prgho lv mxvw0lghqwl�hg/ wkh suredelolw| olplwv +Solpv, ri wkh hvwlpdwru duh gluhfwo|
rewdlqhg e| vroylqj wkhvh prphqw frqglwlrqv1 Dv ]| lv lq wkh lqvwuxphqw vhw/ vroylqj prphqw
frqglwlrqv lv htxlydohqw wr wkh iroorzlqj wzr0vwhs sureohp= Iluvw/ \|n� lv uhjuhvvhg rq \|3�
dqg ]| jlylqj wkh h{shfwdwlrq e\|n� frqglwlrqdo rq wkh lqvwuxphqw vhw1 Vhfrqg/ +\| � \|3�, lv
uhjuhvvhg rq

�e\|n� � \|3�
�
dqg ]|/ |lhoglqj frqvlvwhqw sdudphwhu hvwlpdwruv1

51515 Wkh PO hvwlpdwru

Wkh vhfrqg dssurdfk lv wkh PO surfhgxuh/ zklfk uholhv rq xvlqj htxdwlrq +6, wr vroyh htxdwlrq
+5, lwhudwlyho| iruzdug1 Hvwlpdwlqj wkh uhgxfhg0irup htxdwlrq +7, wrjhwkhu zlwk htxdwlrq
+6, dqg lpsrvlqj furvv0htxdwlrq uhvwulfwlrqv doorz rqh wr uhfryhu wkh vwuxfwxudo sdudphwhuv1
Sdudphwhuv *� dqg � lq htxdwlrq +7, dqg � lq htxdwlrq +6, fdq eh hvwlpdwhg e| ROV gluhfwo|1
Wkhq/ hvwlpdwruv ri $s dqg � duh ghgxfhg iurp wkh uhodwlrqv $s @ 4@ +4 . *�, dqg � @

�$s +4� �,1 Vlqfh hvwlpdwlrq lv shuiruphg diwhu wkh k|eulg prgho kdv ehhq vroyhg lwhudwlyho|
iruzdug/ PO hvwlpdwruv duh rewdlqhg xqghu wkh dvvxpswlrq wkdw iruhfdvwv duh ixoo| prgho0
frqvlvwhqw1 Wkh fuxfldo gl�huhqfh ehwzhhq JPP dqg PO dssurdfkhv lv wkdw PO lpsrvhv vrph

:Wklv dujxphqw kdv ehhq uhlqirufhg e| wkh olwhudwxuh rq ohduqlqj lq udwlrqdo0h{shfwdwlrq prghov/ zklfk
vkrzv wkdw wkh plqlpxp vwdwh yduldeoh vroxwlrq lv wkh rqo| vwdeoh vroxwlrq +Hydqv dqg Krqndsrkmd/ 4<<;,1
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frqvwudlqwv xsrq wkh zd| \|n� lv surmhfwhg rqwr wkh vwdwh yduldeohv/ wkurxjk wkh g|qdplfv ri
]| xvhg wr vroyh wkh prgho1 Lq frqwudvw/ JPP grhv qrw lpsrvh dq| frqvwudlqw ri wklv w|sh rq
wkh �uvw0vwdjh uhjuhvvlrq1

Vlqfh lqqrydwlrqv duh dvvxphg wr eh xqfruuhodwhg/ wklv wzr0vwhs dssurdfk lv htxlydohqw wr
wkh ixoo0lqirupdwlrq PO1 Zkhq wkh prgho lv pruh uhdolvwlf +iru lqvwdqfh/ zkhq d ihhgedfn iurp
\|3� wr ]| lv doorzhg,/ wkh prgho jhqhudoo| fdqqrw eh vroyhg dqdo|wlfdoo| +vhh Vhfwlrq 7,1

Wkh JPP dqg PO hvwlpdwruv suhvhqwhg deryh kdyh wkh vdph Solp zkhq wkh hvwlpdwhg
prgho lv fruuhfwo| vshfl�hg1 \hw/ lq pdq| hpslulfdo dssolfdwlrqv ri wkh k|eulg prgho/ wkh jds
ehwzhhq JPP dqg PO hvwlpdwhv kdv ehhq irxqg wr eh yhu| odujh1 Wzr uhdvrqv duh olnho| wr
h{sodlq vxfk d glvfuhsdqf| ehwzhhq JPP dqg PO hvwlpdwruv= +4, Wkhuh pd| eh gl�huhqfhv lq
wkh �qlwh0vdpsoh surshuwlhv ri wkh hvwlpdwruv1 +5, Wkh hvwlpdwhg prgho pd| eh plv0vshfl�hg/
|lhoglqj lqfrqvlvwhqf| ri JPP dv zhoo dv PO hvwlpdwruv1 Wkh uhpdlqlqj ri wkh sdshu frqvlghuv
wkhvh wzr h{sodqdwlrqv lq wxuq1

516 Ilqlwh0vdpsoh eldvhv

Wklv vhfwlrq lqyhvwljdwhv wkh �qlwh0vdpsoh surshuwlhv ri wkh JPP dqg PO hvwlpdwruv dvvxplqj
wkdw wkh prgho lv fruuhfwo| vshfl�hg1 Dv lq hduolhu vwxglhv/ zh uho| rq Prqwh0Fduor vlpxodwlrqv
wr hydoxdwh wkh �qlwh0vdpsoh glvwulexwlrq ri wkh hvwlpdwruv1

Dq dexqgdqw olwhudwxuh kdv vwxglhg wkh �qlwh0vdpsoh surshuwlhv ri wkh JPP hvwlpdwru/
lq yhu| gl�huhqw frqwh{wv +vhh Ixkuhu/ Prruh/ dqg Vfkxk/ 4<<8/ ru wkh 4<<9 vshfldo lvvxh ri
wkh MEHV,1 Wkhvh sdshuv surylghg hylghqfh wkdw wkh JPP hvwlpdwru pd| eh vwurqjo| eldvhg
dqg zlgho| glvshuvhg lq �qlwh vdpsoh1 Wkh vl}h ri wklv eldv lv uhodwhg wr zhdn lqvwuxphqw
uhohydqfh +l1h1/ zhdn fruuhodwlrq ehwzhhq lqvwuxphqwv dqg hqgrjhqrxv uhjuhvvruv, ru wr lqvwux0
phqw uhgxqgdqf|1 Wklv lvvxh kdv ehhq dgguhvvhg/ dprqj rwkhuv/ e| Qhovrq dqg Vwduw} +4<<3,/
Kdoo/ Uxghexvfk/ dqg Zlofr{ +4<<9,/ ru Vwdljhu dqg Vwrfn +4<<:,1 Wkh PO hvwlpdwru pd|
vx�hu iurp �qlwh0vdpsoh eldv dv zhoo1 Ihz vwxglhv kdyh irfxvhg rq wkh �qlwh0vdpsoh surshuwlhv
ri wkh PO hvwlpdwru lq udwlrqdo0h{shfwdwlrq prghov +vhh Ixkuhu/ Prruh/ dqg Vfkxk/ 4<<8/
Olqgì/ 5334/ Ixkuhu dqg Uxghexvfk/ 5335/ Mrqghdx/ Oh Elkdq/ dqg Jdooëv/ 5336,1 Wkh PO
�qlwh0vdpsoh eldv lv jhqhudoo| frqvlghuhg wr eh qhjoljleoh lq wklv frqwh{w1;

Zkhq wkh JPP dssurdfk lv lpsohphqwhg/ zh kdyh wr vhohfw wkh lqvwuxphqw vhw1 Wkh
rswlpdo lqvwuxphqw vhw lq rxu vhw0xs lv Z| @ i\|3�> ]|j1 Wklv lv rxu edvholqh fdvh lq wkh
iroorzlqj h{shulphqwv1 Zh dovr h{soruh wkh fdvh zkhuh odjv ri Z| duh lqwurgxfhg lq wkh
lqvwuxphqw vhw/ dowkrxjk wkh| duh dfwxdoo| uhgxqgdqw1 Wkxv/ zh xvh lqvwuxphqw vhwv zklfk
lqfoxgh Z|/ 111/ Z|3u/ zlwk O @ 3 dqg :1 Lw lv zruwk hpskdvl}lqj wkdw lw lv d frpprq
sudfwlfh lq wkh hpslulfdo JPP olwhudwxuh wr lqfoxgh vhyhudo odjv/ zlwkrxw qhfhvvdulo| fkhfnlqj
wkhlu uhohydqfh1 D gudpdwlf gudzedfn ri wklv sudfwlfh lv wkh diruhphqwlrqhg zhdn lqvwuxphqw
uhohydqfh ru lqvwuxphqw uhgxqgdqf|1 Lw fdq eh vkrzq +Qhovrq dqg Vwduw}/ 4<<3, wkdw wkh
JPP hvwlpdwru lv eldvhg lq gluhfwlrq ri wkh ROV hvwlpdwru +vhh dovr Vwdljhu dqg Vwrfn/ 4<<:,1
Zh wkxv kdyh dovr frqvlghuhg wkh Solp ri wkh +plv0vshfl�hg, ROV hvwlpdwru/ zklfk surylghv
dq lqglfdwlrq ri wkh h�hfw ri zhdn lqvwuxphqw uhohydqfh rq wkh �qlwh0vdpsoh eldv ri JPP

;Wkh PO hvwlpdwru lv qrw qhfhvvdulo| lppxqh iurp �qlwh0vdpsoh eldv/ krzhyhu1 Lq sduwlfxodu/ lq d sduwldo0
dgmxvwphqw frqwh{w/ wkh dxwruhjuhvvlyh sdudphwhu lv eldvhg grzqzdug/ hyhq zkhq wkh prgho lv fruuhfwo| vshfl�hg
+Vdzd/ 4<:;,1 \hw/ wklv eldv lv uduho| hpskdvl}hg lq Prqwh0Fduor h{shulphqwv1
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hvwlpdwhv1 Xvlqj wkh furvv prphqwv lpsolhg e| GJS +5,�+6, +vhh Dsshqgl{ 4,/ wkh Solpv ri
ROV hvwlpdwruv duh irxqg wr eh=
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zkhuh � @ ���@ +4� *��,1 Iru d zlgh udqjh ri vwuxfwxudo sdudphwhuv/ wkh ROV hvwlpdwru ri
$s lv eldvhg wrzdugv 318/ dowkrxjk wkh Solp lv qrw h{dfwo| 3181 Pruh suhflvho|/ wkh h{suhvvlrq
deryh lqglfdwhv wkdw 3 � $�u7 � 3=81 Vxfk d uhvxow kdv ehhq rewdlqhg qxphulfdoo| lq vhyhudo
Prqwh0Fduor vwxglhv/ exw qrw |hw dqdo|wlfdoo|1 Vhh/ iru lqvwdqfh/ Olqgì +5334,/ Pdyurhlglv
+5334,/ dqg Ixkuhu dqg Uxghexvfk +5335,1

51614 H{shulphqw ghvljq

Hvvhqwldoo|/ irxu vwuxfwxudo sdudphwhuv duh olnho| wr d�hfw wkh �qlwh0vdpsoh eldv= Wkh iruzdug0
orrnlqj sdudphwhu $s / wkh vhuldo fruuhodwlrq ri wkh iruflqj yduldeoh �/ wkh sdudphwhu ri wkh
iruflqj yduldeoh �/ dqg wkh +vtxduh urrw ri wkh, yduldqfh udwlr ��@�01 Zh frqvlghu wkh iroorzlqj
sdudphwhu vhwv lq Prqwh0Fduor h{shulphqwv= $s @ i3=88> 3=:8> 3=<8j/ � @ i3=4> 3=8> 3=<j/ � @

i3=4> 4j/ dqg ��@�0 @ i3=8> 4> 5j1 Vlqfh zh irxqg wkdw dowhulqj wkh yduldqfh udwlr zlwklq wklv
udqjh grhv qrw d�hfw �qlwh0vdpsoh eldvhv vljql�fdqwo|/ rqo| wkh fdvh �0 @ �� @ 4 lv uhsruwhg1

Wkh Prqwh0Fduor h{shulphqw lv shuiruphg dv iroorzv1 Iru hdfk sdudphwhu vhw/ zh vlpxodwh
5333 vdpsohv ri vl}h W @ 4331 Iru hdfk vlpxodwhg vdpsoh/ d vhtxhqfh ri W . 433 udqgrp
lqqrydwlrqv duh gudzq iurp wkh Jdxvvldq glvwulexwlrq Q +3>	, zlwk qr vhuldo fruuhodwlrq +	 @

gldj+�20> �
2
�,,/ dqg wkh �uvw 433 hqwulhv duh glvfdughg wr uhgxfh wkh h�hfw ri lqlwldo frqglwlrqv

rq wkh vroxwlrq sdwk1

51615 Uhvxowv

Wdeoh 4 uhsruwv wkh phgldq dqg wkh phgldq ri devroxwh ghyldwlrqv +PDG, ri wkh hpslulfdo
glvwulexwlrq1< Lw dovr glvsod|v wkh Solp ri wkh ROV hvwlpdwru/ wrzdugv zklfk wkh Solp ri JPP
hvwlpdwru lv eldvhg/ xqghu zhdn lqvwuxphqw uhohydqfh ru lqvwuxphqw uhgxqgdqf|1 Wkh pdlq
uhvxowv duh dv iroorzv1

Iluvw/ wkh PO hvwlpdwru ri $s lv hvvhqwldoo| xqeldvhg/ zlwk d orz vwdqgdug ghyldwlrq1 Wkh
hvwlpdwru ri � lv xqeldvhg iru vpdoo ydoxhv ri �> zkloh wkhuh lv d voljkw srvlwlyh eldv zkhq � lv
odujh143

<Rqh mxvwl�fdwlrq ri wkh xvh ri wkh phgldq dqg PDG lv wkdw/ lq wkh mxvw0lghqwl�hg fdvh/ wkh glvwulexwlrq ri
wkh JPP hvwlpdwru kdv qr �qlwh prphqwv +Nlqdo/ 4<;3,1 Lq dgglwlrq/ suhylrxv uhvhdufk rq wkh �qlwh0vdpsoh
surshuwlhv ri JPP kdv irxqg wkh glvwulexwlrq ri wklv hvwlpdwru wr eh vrphwlphv dv|pphwulf dqg idw wdlohg
+Kdqvhq/ Khdwrq/ dqg \durq/ 4<<9,1

43Iru 4 ' f�b/ wkh phgldq hvwlpdwru ri q udqjhv ehwzhhq 3143: dqg 31445/ zkdwhyhu wkh wuxh sdudphwhu /s 1
Wklv eldv lv uhodwhg wr wkh grzqzdug eldv lq wkh dxwruhjuhvvlyh sdudphwhu hvwdeolvkhg dqdo|wlfdoo| e| Vdzd
+4<:;,1 Vlqfh q ' w/s E�3 4�/ wkh qhjdwlyh eldv lq 4 wudqvodwhv lq d srvlwlyh eldv lq q� Qrwh wkdw/ vlqfh /s grhv
qrw ghshqg rq 4/ zh gr qrw revhuyh vxfk d eldv iru /s 1
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Vhfrqg/ zkhq wkh lqvwuxphqw vhw lv fruuhfwo| fkrvhq +O @ 3,/ wkh JPP hvwlpdwru ri $s lv
qrw vljql�fdqwo| eldvhg1 Krzhyhu/ wkh vwdqgdug ghyldwlrq ri wkh hvwlpdwru +frpsxwhg dv wkh
vwdqgdug ghyldwlrq ri wkh glvwulexwlrq, lv pxfk odujhu wkdq wkh vwdqgdug ghyldwlrq ri wkh PO
hvwlpdwru1

Odvw/ zkhq wkh lqvwuxphqw vhw lqfoxghv uhgxqgdqw odjv +O @ :,/ wkh eldv lq wkh JPP
hvwlpdwru ri $s lv vljql�fdqwo| qhjdwlyh1 Wkh kljkhu wkh wuxh ydoxh ri $s / wkh odujhu wkh
devroxwh eldv lq wkh hvwlpdwru1 Iru $s @ 3=<8/ wkh devroxwh �qlwh0vdpsoh eldv lv dv kljk dv 3141
Lq idfw/ wkh phgldq hvwlpdwh olhv ehwzhhq wkh wuxh ydoxh ri wkh sdudphwhu dqg wkh Solp ri wkh
ROV/ zklfk lv irxqg wr eh forvh wr 318 iru d zlgh udqjh ri vwuxfwxudo sdudphwhuv1 Iru odujh �/
wkh eldv lq � lv dv kljk dv 63( ri wkh wuxh ydoxh1

Uhvxow 4= Zkhq wkh prgho lv fruuhfwo| vshfl�hg/ wkh PO hvwlpdwru grhv qrw glvsod| vljql�fdqw
�qlwh0vdpsoh eldv1 Wkh JPP hvwlpdwru zlwk rswlpdo lqvwuxphqwv lv qrw vljql�fdqwo|
eldvhg/ zkloh wkh JPP hvwlpdwru zlwk dq h{fhvvlyh qxpehu ri lqvwuxphqwv lv vljql�fdqwo|
eldvhg wrzdugv wkh ROV hvwlpdwru +forvh wr 318,1

Wklv uhvxow frq�upv suhylrxv hylghqfh rewdlqhg iru lqvwdqfh e| Pdyurhlglv +5334, dqg
Olqgì +5334,1 Ixkuhu dqg Uxghexvfk +5335, dovr uhsruw vlpxodwlrq uhvxowv lq zklfk wkh JPP
hvwlpdwru ri $s lv eldvhg wrzdugv 3181 Lw lv zruwk qrwlqj/ krzhyhu/ wkdw wkh �qlwh0vdpsoh
eldv lq $s lv qrw olnho| wr uhfrqfloh wkh frq lfwlqj hpslulfdo hylghqfh revhuyhg iru wkh k|eulg
Skloolsv fxuyh1 Lqghhg/ wkh JPP hvwlpdwru lv v|vwhpdwlfdoo| eldvhg wrzdugv +durxqg, 318 lq
rxu Prqwh0Fduor vhw0xs/ zkloh hvwlpdwhv uhsruwhg/ iru lqvwdqfh/ e| Jdoð dqg Jhuwohu +4<<<,
vxjjhvw d eldv/ li dq|/ wrzdugv rqh1 Lq dgglwlrq/ wkh PO hvwlpdwru grhv qrw glvsod| dq|
vxevwdqwldo �qlwh0vdpsoh eldv1 Wkhuhiruh/ li PO hvwlpdwhv zhuh wr eh forvh wr wkh wuxh ydoxhv
ri wkh GJS sdudphwhuv/ wkh JPP hvwlpdwh ri $s zrxog eh irxqg wr eh orzhu wkdq wkh PO
hvwlpdwh/ vr wkdw �qlwh0vdpsoh eldv zrxog d�hfw hvwlpdwruv lq d gluhfwlrq rssrvlwh wr wkdw
vxjjhvwhg e| hpslulfdo uhvxowv lq wkh h{lvwlqj olwhudwxuh1

6 Dv|pswrwlf eldv lq d plv0vshfl�hg prgho

Wklv vhfwlrq lqyhvwljdwhv wkh frqvhtxhqfhv ri wzr w|shv ri plv0vshfl�fdwlrq/ phdvxuhphqw huuru
dqg rplwwhg g|qdplfv1 Erwk plv0vshfl�fdwlrqv dsshdu wr eh sodxvleoh lq pdq| dssolfdwlrqv
ri wkh k|eulg prgho1

Iluvw/ hvwlpdwhg qhz Skloolsv fxuyhv pd| vx�hu iurp phdvxuhphqw huuru1 Wkhruhwlfdo
ghulydwlrqv vxjjhvw wkdw wkh uhohydqw iruflqj yduldeoh lv wkh uhdo pdujlqdo frvw1 Zkloh wklv
yduldeoh pd| eh phdvxuhg lq d ydulhw| ri idvklrqv/ hpslulfdo hvwlpdwhv w|slfdoo| lqyroyh hlwkhu
wkh rxwsxw jds ru uhdo xqlw oderu frvw +XOF, +Urehuwv/ 5334/ dqg Qhlvv dqg Qhovrq/ 5335,1
Wkh dssur{lpdwlrq ri uhdo pdujlqdo frvw e| uhdo XOF uhdglo| dulvhv zkhq �upv surgxfh xvlqj
d Free0Grxjodv whfkqrorj| zlwk frqvwdqw uhwxuq wr vfdoh1 Xqghu vrph dgglwlrqdo dvvxpswlrqv
derxw wkh oderu vxsso| surfhvv +Urwhpehuj dqg Zrrgirug/ 4<<:,/ wkh rxwsxw jds lv olqhduo|
uhodwhg wr wkh uhdo pdujlqdo frvw1 Krzhyhu/ wkh phdvxuh ri wkhvh sur{lhv lv dovr dq rshq lvvxh1
Dv ghwdlohg e| Urwhpehuj dqg Zrrgirug +4<<<,/ wkh uhdo XOF phdvxuh kdv wr eh fruuhfwhg lq
ydulrxv zd|v wr dssur{lpdwh wkh uhdo pdujlqdo frvw xqghu dujxdeo| pruh uhdolvwlf whfkqrorj|
dvvxpswlrqv +vxfk dv d FHV whfkqrorj| ru ryhukhdg oderu,1 Lq dgglwlrq/ frqyhqwlrqdo phdvxuhv
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ri rxwsxw jds duh olnho| wr eh ulgghq zlwk huuru1 Wkh vwdqgdug dssurdfk w|slfdoo| lqyroyhv d
ghwhuplqlvwlf wuhqg/ zklfk pd| idlo wr fdswxuh yduldwlrqv lq wkh qdwxudo udwh ri rxwsxw gxh/
h1j1/ wr vxsso| vkrfnv1 Vhh Qhlvv dqg Qhovrq +5335, iru d glvfxvvlrq dqg dq dowhuqdwlyh phdvxuh
ri srwhqwldo rxwsxw edvhg rq d g|qdplf vwrfkdvwlf jhqhudo htxloleulxp prgho1

Rplwwhg g|qdplfv lv dovr d sodxvleoh plv0vshfl�fdwlrq1 K|eulg Skloolsv fxuyhv lq zklfk
dgglwlrqdo odjv dqg ohdgv ri lq dwlrq duh lqfrusrudwhg zhuh �uvw vxjjhvwhg e| Ixkuhu dqg Prruh
+4<<8, dqg Ixkuhu +4<<:,1 Wkhlu prgho dvvxphv wkdw djhqwv vhw qrplqdo frqwudfw sulfhv vr wkdw
wkh fxuuhqw uhdo frqwudfw lqgh{ ghshqgv rq wkh uhdo frqwudfw lqgh{ h{shfwhg wr suhydlo ryhu wkh
olih ri wkh frqwudfw1 Wkhuhiruh/ lq fdvhv zkhuh sulfhv duh vhw iru vhyhudo txduwhuv dw d wlph/ djhqwv
duh frqfhuqhg e| odjv dqg ohdgv ri lq dwlrq v|pphwulfdoo|1 Frhqhq dqg Zlhodqg +5333, dovr
dgrsw vxfk dq dssurdfk/ zkloh Verugrqh +5335, dv zhoo dv Jxhuulhul +5334, frqvlghu d prgho
zlwk rswlpl}lqj �upv/ lq zklfk sulfh frpplwphqwv odvw iru d �{hg ohqjwk ri vhyhudo shulrgv1
Jdoð/ Jhuwohu/ dqg Oösh}0Vdolgr +5334, sursrvh d prgho zklfk h{whqgv wkh prgho ghyhorshg
lq Jdoð dqg Jhuwohu +4<<<,= Lq frqwudvw wr wkh lqlwldo uxoh ri wkxpe zklfk zdv dvvxphg wr
ghshqg rq wkh odvw shulrg*v lq dwlrq udwh rqo|/ �upv zklfk dgrsw d qrq0udwlrqdo ehkdylru
frqvlghu dq dyhudjh ri vhyhudo odjv1 Nr}lfnl dqg Wlqvoh| +5335, kdyh uhfhqwo| glvfxvvhg wkh
hpslulfdo shuirupdqfhv ri dowhuqdwlyh srwhqwldo vrxufhv ri odj g|qdplfv lq lq dwlrq +qdpho|/
qrq0udwlrqdo ehkdylru/ vwdjjhuhg frqwudfwlqj/ iulfwlrqv rq sulfh dgmxvwphqw dqg vkliwv lq wkh
orqj0uxq dqfkru ri djhqw h{shfwdwlrqv,1 Wkh| rewdlq wkdw dgglwlrqdo odjv +dqg ohdgv, h{sodlq
wkh klvwrulfdo ehkdylru ri lq dwlrq lq wkh XV dqg Fdqdgd ehwwhu wkdq d sxuho| iruzdug0orrnlqj
prgho ru d k|eulg prgho zlwk d vlqjoh odj1 Lq dgglwlrq/ prghov ghulyhg iurp dvvxpswlrqv
derxw vwdjjhuhg frqwudfwv ru iulfwlrqv rq sulfh dgmxvwphqw surylgh d ehwwhu �w ri wkh gdwd
wkdq k|eulg prghov zlwk qrq0udwlrqdo ehkdylru1 Udwlrqdol}dwlrq iru dgglwlrqdo odjv lq k|eulg
htxdwlrqv ri wkh w|sh +4, fdq dovr eh irxqg lq rwkhu frqwh{wv1 Iru lqvwdqfh/ Rwurn/ Udylnxpdu/
dqg Zklwhpdq +5335, kdyh h{soruhg jhqhudo irupv ri kdelw irupdwlrq lq wkh frqvxpswlrq
ixqfwlrq/ zklfk fdq ohdg wr d uhgxfhg irup zlwk vhyhudo odjv ri frqvxpswlrq1

614 Plv0vshfl�fdwlrq ri w|sh L= Phdvxuhphqw huuru

61414 Dqdo|wlfdo uhvxowv

Lq rughu wr looxvwudwh wkh fdvh ri phdvxuhphqw huuru/ zh dgrsw wkh iroorzlqj GJS=

\| @ $sH|\|n� . +4� $s ,\|3� . �]| . %|

]| @ �]|3� . x|

[| @ d]| . h| +;,

zkhuh[| lv wkh sur{| ri wkh iruflqj yduldeoh xvhg e| wkh hfrqrphwulfldq +h1j1/ wkh rxwsxw jds ru
wkh uhdo XOF lq wkh frqwh{w ri wkh k|eulg Skloolsv fxuyh/ zkloh wkh uhohydqw iruflqj yduldeoh ]|

lv wkh uhdo pdujlqdo frvw,1 Wkh phdvxuhphqw huuru/ h|/ lv dvvxphg wr eh frqwhpsrudqhrxvo| dqg
vhuldoo| xqfruuhodwhg zlwk %| dqg x|/ zlwk �2e @ H

�
h2|
�
1 Zh dovr gh�qh � @ d2�2~@

�
d2�2~ . �2e

�
/

wkh iudfwlrq ri wkh yduldqfh ri [| h{sodlqhg e| ]|1 Sdudphwhu � fdq eh ylhzhg dv d phdvxuh
ri wkh txdolw| ri wkh sur{| [|1 Zkhq � jhwv forvhu wr rqh/ wkh txdolw| ri wkh sur{| lpsuryhv1
Zkloh sdudphwhu d pd| eh srvlwlyh dv zhoo dv qhjdwlyh/ lw lv w|slfdoo| vhw htxdo wr rqh lq wkh
iroorzlqj1 GJS sdudphwhuv duh � @

�
$s > �> �> d> �

2
0> �

2
�> �

2
e

�
= Wkh uhgxfhg irup ri wkh GJS lv

jlyhq e| htxdwlrq +7, zlwk wkh vdph vwdwlrqdulw| frqglwlrqv rq prgho sdudphwhuv1
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Vlqfh wkh hfrqrphwulfldq lv dvvxphg wr huurqhrxvo| vhohfw [| dv wkh iruflqj yduldeoh/ wkh
iroorzlqj plv0vshfl�hg prgho lv hvwlpdwhg=44

\| @ �sH|\|n� . +4� �s ,\|3� . e[| . y| +<,

[| @ #[|3� .z|= +43,

Wkh hvwlpdwhg ghjuhh ri iruzdug0orrnlqjqhvv �s lv suhvxpdeo| d eldvhg hvwlpdwru ri $s 1 Qrwh
wkdw wkhuh lv qr plv0vshfl�fdwlrq lq wkh olplwlqj fdvh zkhuh �2e @ 3/ l1h1 � @ 4/ vr wkdw [| lv
dfwxdoo| wkh wuxh iruflqj yduldeoh1

Wkh uhgxfhg irup ri wkh srvwxodwhg v|vwhp +<,�+43, lv jlyhq e|

\| @ *\|3� . �[| . �y|> +44,

zkhuh * @ +4� �s , @�s / � @ e@ +�s +4� #,,/ dqg �y| @ y|@�s 1 Dv lq Vhfwlrq 5/ zh lpsrvh wkh
iroorzlqj frqglwlrqv= 3=8 ? �s � 4 +ru 3 � * ? 4, dqg m#m ? 41

Vlqfh wzr sdudphwhuv +�s dqg e, kdyh wr eh hvwlpdwhg lq wkh plv0vshfl�hg prgho/ dw ohdvw
wzr lqvwuxphqwv duh qhhghg wr dfklhyh lghqwl�fdwlrq1 Zh frqvlghu wzr fdvhv ri sduwlfxodu
lqwhuhvw1 Wkh �uvw hvwlpdwru +JPP4, lv edvhg rq wkh lqvwuxphqw vhw i\|3�>[|j/ zkloh wkh
vhfrqg hvwlpdwru +JPP5, uhvruwv wr wkh lqvwuxphqw vhw i\|3�>[|> ]|j1 Lq wkh odwwhu fdvh/ wkh
lqvwuxphqw vhw lqfoxghv wkh dfwxdo iruflqj yduldeoh1 Erwk fdvhv duh olnho| wr rffxu lq hpslulfdo
dssolfdwlrqv1 Iru lqvwdqfh/ wkh �uvw hvwlpdwru pd| fruuhvsrqg wr wkh fdvh ri wkh k|eulg L0V
fxuyh/ dv vwxglhg uhfhqwo| e| Ixkuhu dqg Uxghexvfk +5335,1 Lqvwuxphqwv duh odjjhg rxwsxw
jds/ lq dwlrq udwh/ dqg lqwhuhvw udwh1 Plv0vshfl�fdwlrq pd| rffxu lq wklv frqwh{w ehfdxvh ri dq
dssursuldwh gh�qlwlrq ri wkh uhdo lqwhuhvw udwh1 Lq frqwudvw/ lq wkh fdvh ri wkh k|eulg Skloolsv
fxuyh/ wkh wkhruhwlfdoo| uhohydqw iruflqj yduldeoh lv wkh uhdo pdujlqdo frvw/ zkloh hvwlpdwlrqv
duh shuiruphg xvlqj/ dowhuqdwlyho|/ wkh rxwsxw jds dqg wkh uhdo XOF1 Prvw vwxglhv +lq wkh
iroorzlqj ri Jdoð dqg Jhuwohu/ 4<<<, wkhuhiruh lqfoxgh erwk wkh uhdo XOF dqg rxwsxw jds lq
wkh lqvwuxphqw vhw1 Zh pd| h{shfw wkh uhdo pdujlqdo frvw wr eh zhoo sur{lhg e| d olqhdu
frpelqdwlrq ri wkh wzr yduldeohv1

JPP41 Hvwlpdwru JPP4 uholhv rq wkh iroorzlqj prphqw frqglwlrqv=

H ^\|3� � +\| � �s\|n� � +4� �s ,\|3� � e[|,` @ 3 +45,

H ^[| � +\| � �s\|n� � +4� �s ,\|3� � e[|,` @ 3= +46,

Sdudphwhu hvwlpdwhv duh rewdlqhg e| vroylqj wkh hpslulfdo frxqwhusduwv ri wkhvh prphqw
frqglwlrqv1 Wkh Solp ri wkh hvwlpdwru ri �s lv jlyhq e|

�C��� @
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�
\ 2
|

��H +\|\|3�, .
�
H +[|\|, @H

�
[2
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��
+H +[|\|,�H +[|\|3�,,

H
�
\ 2
|

��H +\|\|32, .
�
H +[|\|, @H

�
[2
|

��
+H +[|\|3�,�H +[|3�\|,,

>

44Frpelqlqj htxdwlrqv +6, dqg +;, vkrxog |lhog dq DUPD surfhvv iru f|/ ehfdxvh wkh phdvxuhphqw huuru
lqwurgxfhv d �uvw0rughu vhuldo fruuhodwlrq lq wkh huuru whup ri f|1 Lq wkh fdvh @ ' �/ wkh surfhvv iru f| fdq

eh zulwwhq dv f| ' 4f|3� n �| 3 S�|3�/ zlwk S '
�
j2� �

s
je� 3 e42jee

�
*
�
24j2e

�
dqg j2� ' 4j2e*S1 Vxfk

dq dssurdfk lv qrw iroorzhg/ krzhyhu/ ehfdxvh lw zrxog qrw eh frqvlvwhqw zlwk wkh vwdqgdug dssurdfk ri d
orz0rughu YDU0w|sh prgho1 Hvwlpdwlqj htxdwlrq +43,/ wkxv rplwwlqj wkh PD frpsrqhqw/ |lhogv d Solp ri wkh
dxwruhjuhvvlyh sdudphwhu � htxdo wr 4� 1

48



zkloh wkh Solp ri wkh hvwlpdwru ri e/ ghqrwhg eC���/ lv rewdlqhg e| uhsodflqj �s e| �C���

lq wkh h{suhvvlrq +46,1 Dowkrxjk wkh prphqw frqglwlrqv duh zulwwhq xvlqj wkh plv0vshfl�hg
prgho +<,/ wkh prphqwv duh dfwxdoo| frpsxwhg xvlqj wkh wuxh GJS1

JPP51 Vlqfh hvwlpdwru JPP5 lv ryhu0lghqwl�hg/ lw suryhv frqyhqlhqw wr ylhz lw dv d wzr0
vwhs hvwlpdwru145 Iluvw/ zh uhjuhvv \|n� rq wkh lqvwuxphqw vhw wr exlog wkh �wwhg ydoxh1 Iru
vlpsolflw| ri wkh h{srvlwlrq/ zh gh�qh e\|n� dv wkh h{shfwdwlrq ri \|n� frqglwlrqdo rq wkh
lqirupdwlrq vhw1 Vlqfh wkh wuxh iruflqj yduldeoh ]| lv lq wkh lqvwuxphqw vhw/ zh rewdlq/ xvlqj
htxdwlrqv +6, dqg +7,/ wkdw e\|n� @ *2

�\|3� . � +*� . �,]|= Wkhq/ wkh vhfrqg0vwdjh uhjuhvvlrq
kdv wkh irup

\| � \|3� @ �s
�e\|n� � \|3�

�
. e[| . y�| +47,

zklfk fdq eh hvwlpdwhg e| ROV1 Solpv ri hvwlpdwruv ri �s dqg e duh wkxv rewdlqhg e| vroylqj
wkh wzr iroorzlqj prphqw frqglwlrqv=

H
k�e\|n� � \|3�

�
�
�
\| � �s e\|n� � +4� �s ,\|3� � e[|

�l
@ 3 +48,

H
k
[| �

�
\| � �s e\|n� � +4� �s ,\|3� � e[|

�l
@ 3= +49,

PO1 Wkh PO hvwlpdwru lv rewdlqhg e| hvwlpdwlqj e| ROV wkh uhgxfhg irup ri wkh prgho/
jlyhq e| htxdwlrqv +43, dqg +44,1 Solpv ri wkh hvwlpdwruv ri * dqg � duh gluhfwo| jlyhq e|
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3EEC ��20 .�2

��20 .�2

�
4 . +4� �,

+�3)2�,42
E�342�

�
4FFD

zkhuh wkh odvw htxdwlrq lqglfdwhv wkdw wkh hvwlpdwru ri � lv d eldvhg hvwlpdwru ri �1
Wkhq/ wkh Solpv ri sdudphwhuv �s dqg e duh ghgxfhg iurp wkh uhodwlrqv �s @ 4@ +4 . *,

dqg e @ ��s +4� #,1

Vlqfh wkh k|eulg prgho lv hvwlpdwhg xvlqj [| dv iruflqj yduldeoh lq sodfh ri ]|/ wkhuh h{lvwv
dq dv|pswrwlf eldv/ wkh h{whqw ri zklfk lv gluhfwo| uhodwhg wr wkh fruuhodwlrq ehwzhhq wkh wzr
yduldeohv [| dqg ]|1 Wkh iroorzlqj sursrvlwlrq vxppdul}hv wkh Solpv ri JPP dv zhoo dv PO
hvwlpdwruv ghvfulehg deryh1

Sursrvlwlrq 4 +Solp ri hvwlpdwruv lq fdvh ri phdvxuhphqw huuru, Ohw xv dvvxph wkdw
wkh GJS lv jlyhq e| htxdwlrqv +5,�+6,/ exw wkdw wkh hfrqrphwulfldq hvwlpdwhv wkh prgho zlwk
[| lq sodfh ri ]| dv wkh iruflqj yduldeoh/ fruuhvsrqglqj wr htxdwlrqv +<,�+43,1 Wkhq/ wkh wkuhh
hvwlpdwruv gh�qhg deryh kdyh wkh iroorzlqj Solpv=

45Wr rewdlq dqdo|wlfdo uhvxowv/ zh devwudfw iurp wkh lvvxh ri vhohfwlqj dq rswlpdo zhljkwlqj pdwul{1 Lq d
fruuhfwo|0vshfl�hg prgho/ wkh wzr0vwhs ohdvw0vtxduh dssurdfk dgrswhg khuh |lhogv d frqvlvwhqw hvwlpdwru ri wkh
wuxh sdudphwhu1 Dv sxw iruzdug e| Kdoo dqg Lqrxh +5336,/ lq fdvh ri plv0vshfl�fdwlrq/ gl�huhqw zhljkwlqj
pdwulfhv pd| |lhog gl�huhqw dv|pswrwlf eldvhv1 Zh gr qrw frqvlghu wklv lvvxh khuh/ dqg ohdyh lw iru ixuwkhu
lqyhvwljdwlrq1
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0 JPP hvwlpdwru zlwk lqvwuxphqw vhw i\|3�>[|j +JPP4,=

�C��� @ $s

3C��20 .�2
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0 JPP hvwlpdwru zlwk lqvwuxphqw vhw i\|3�>[|> ]|j +JPP5,=
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0 PO hvwlpdwru=
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zkhuh � @ ���@ +4� *��, dqg �� lv wkh Solp ri wkh dxwruhjuhvvlyh sdudphwhu ri [| lpsolhg
e| htxdwlrq +43,1

Surri = Vhh wkh glvfxvvlrq deryh1 Frpsxwdwlrq ri wkh Solpv dexqgdqwo| uhvruwv wr wkh pr0
phqwv dqg furvv0prphqwv uhsruwhg lq Dsshqgl{ 41

Sdudphwhu �2 fdq eh lqwhusuhwhg dv wkh iudfwlrq ri wkh yduldqfh ri \| h{sodlqhg e| ]|1
Zh yhuli| wkdw/ lq wkh fdvh � @ 4/ doo hvwlpdwruv ri �s duh dv|pswrwlfdoo| xqeldvhg/ vr wkdw
�C��� @ �C��2 @ ��u @ $s 1 Vlploduo|/ doo hvwlpdwruv ri e duh dv|pswrwlfdoo| xqeldvhg/
xs wr wkh vfdoh idfwru d/ vlqfh eC��� @ eC��2 @ e�u @ �@d1

Wkh �uvw whup ri wkh Solp ri wkh hvwlpdwru ri �s lv wkh dv|pswrwlf ydoxh ri �s zkhq wkh
prgho lv fruuhfwo| vshfl�hg/ zkloh wkh vhfrqg whup uh hfwv wkh plv0vshfl�fdwlrq eldv1 Dvvhvvlqj
wkh eldv lq e lqyroyhv frpsdulqj wkh hvwlpdwru wr �@d/ vlqfh [| pd| eh d jrrg sur{| iru ]|/
|hw kdylqj d sdudphwhu d gl�huhqw iurp 41 Lq dgglwlrq/ [| ehlqj rqo| d sur{| ri ]|/ e pd| eh
ylhzhg dv dq hvwlpdwru ri +��@d,1 Wzr vrxufhv ri eldv rshudwh iru JPP hvwlpdwruv= Wkh �uvw
eldv frphv iurp � ehlqj ohvv wkdq rqh/ zklfk phdvxuhv zkhwkhu [| lv d jrrg sur{| iru ]|= Wkh
vhfrqg eldv/ zklfk frphv iurp wkh vhfrqg whup ehwzhhq eudfnhwv/ phdvxuhv wkh h{whqw ri wkh
plv0vshfl�fdwlrq eldv1 Iru wkh PO hvwlpdwru ri e/ d wklug vrxufh ri eldv h{lvwv1 Lw frphv iurp
wkh h{suhvvlrq +4� ��, @ +4� �,/ zklfk uh hfwv wkh plv0phdvxuhphqw lq wkh vhuldo fruuhodwlrq
ri wkh iruflqj yduldeoh1 Wklv frpsrqhqw dozd|v d�hfwv wkh Solp ri wkh hvwlpdwru srvlwlyho|1
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Zh qrz surylgh wkh udqnlqj ri wkh Solpv ri JPP dqg PO hvwlpdwruv lq wkh w|slfdo fdvh
zkhuh wkh vhuldo fruuhodwlrq ri wkh iruflqj yduldeoh +�, lv srvlwlyh1

Fruroodu| 4 Zkhq 3 � � � 4/ wkh iroorzlqj lqhtxdolwlhv krog=

4@7 � �C��� � $s

4@5 � ��u � $s � �C��2 � 4

dqg zkhq +�� *�, +4� *��,
2 +4� �,2 � �

�
4� *2�

� k
+4� �,�2�2�@�

2
0

l
=

4@7 � �C��� � ��u � $s =

Lq dgglwlrq/ wkh iroorzlqj lqhtxdolwlhv krog=

eC��2 � +��@d, � eC��� � e�u=

Wkhvh lqhtxdolwlhv duh uhdglo| rewdlqhg e| frpsdulqj whupv ehwzhhq eudfnhwv lq wkh qx0
phudwru dqg ghqrplqdwru ri hdfk h{suhvvlrq1 Erxqgv iru wkh Solpv ri hvwlpdwruv ri �s duh
rewdlqhg/ xqghu vwdwlrqdulw|/ e| fkrrvlqj erxqgv iru vwuxfwxudo sdudphwhuv $s +318 dqg 4,/ �
+3 dqg 4,/ dqg � @ �20 @ 3146

Zh revhuyh wkdw/ lq wkh fdvh � @ 3/ zh kdyh �C��� @ ��u @ $s / +dqg eC��� @

e�u @ �@d,/ zkloh �C��2 A $s dqg eC��2 ? �@d1 Wkh devhqfh ri eldv iru JPP4 dqg
PO ghulyhv iurp ruwkrjrqdolw| ehwzhhq wkh iruflqj yduldeoh dqg \|3�/ vlqfh � @ 3 lpsolhv
H +]|\|3�, @ H +[|\|3�, @ 31 Dv iru JPP4/ lq wkh jhqhudo fdvh +� 9@ 3,/ wkh xszdug eldv
lq wkh frh!flhqw ri \|3� +l1h1/ 4 � �C���, uh hfwv wkh lqirupdwlrq frqwhqw ri \|3� rq wkh
rplwwhg yduldeoh ]| +ehfdxvh � 9@ 3 lpsolhv H +]|\|3�, 9@ 3/ vhh Dsshqgl{ 4,1 Zkhq � @ 3/ wkh
eldv ydqlvkhv1 Wkh eldv dovr ydqlvkhv iru wkh PO hvwlpdwru/ ehfdxvh xqghu frqglwlrq � @ 3

zh kdyh H +]|\|3�, @ H +[|\|3�, @ 3/ vr wkdw uhjuhvvruv lq wkh uhgxfhg irup duh ruwkrjrqdo1
Khqfh/ sdudphwhu * lv hvwlpdwhg zlwkrxw eldv/ dqg vr lv wkh vwuxfwxudo sdudphwhu uhfryhuhg
iurp sdudphwhu �s @ 4@ +4 . *,1 Lq wkh fdvh ri wkh JPP5/ krzhyhu/ dq xszdug eldv lq �s
lv vwloo suhvhqw1 Lqghhg/ wklv eldv lv uhodwhg wr H +\|n�]|, ehlqj gl�huhqw iurp }hur +vhh wkh
glvfxvvlrq ehorz,/ zklfk jhqhudoo| uhpdlqv wuxh zkhq � @ 3=

Uhvxow 5= Lq wkh fdvh ri phdvxuhphqw huuru ri wkh w|sh ghvfulehg e| htxdwlrqv +5,/ +6,/ dqg
+;,/ zkhq 3 � � � 4/ PO dqg JPP5 hvwlpdwruv ri �s duh dozd|v eldvhg dv|pswrwlfdoo|
lq rssrvlwh gluhfwlrqv zlwk uhvshfw wr wkh wuxh ydoxh ri sdudphwhu $s =

61415 Hylghqfh dqg glvfxvvlrq

Wdeoh 5 suhvhqwv Solpv ri JPP dqg PO hvwlpdwruv lq wkh phdvxuhphqw0huuru fdvh/ xvlqj
irupxodh uhsruwhg lq Sursrvlwlrq 41 Zh vhohfw dv vwuxfwxudo sdudphwhuv $s @ i3=88> 3=:8> 3=<8j/
� @ i3=4> 3=8> 3=<j/ � @ i3=4> 4j/ d @ 4/ dqg ��@�0 @ 41 Odvw/ zh fkrrvh � @ i3=4> 3=8> 3=<j/
zklfk uhsuhvhqwv wkh h{whqw wr zklfk wkh yduldeoh [| lv d jrrg sur{| iru ]|1 Sdudphwhu �

sod|v suhvxpdeo| d fuxfldo uroh uhjduglqj dv|pswrwlf eldvhv1

46Wkhvh erxqgv duh uhsruwhg lq wkh erwwrp sduw ri Wdeoh 51
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Dv uhjdugv sdudphwhu �s / looxvwudwlqj Sursrvlwlrq 4/ JPP4 dqg PO hvwlpdwruv duh v|v0
whpdwlfdoo| orzhu wkdq wkh wuxh ydoxh $s / zkloh wkh JPP5 hvwlpdwru lv v|vwhpdwlfdoo| odujhu
wkdq $s 1 Vlqfh wkh hvwlpdwruv duh erxqghg e| 318/ JPP4 dqg PO eldvhv duh/ dv h{shfwhg/
yhu| vpdoo zkhq $s lv htxdo wr 3188 dqg/ frqyhuvho|/ wkh JPP5 eldv lv yhu| vpdoo zkhq $s
lv htxdo wr 31<81 Wkh udqnlqj ri JPP4 dqg PO ghshqgv rq wkh ydoxhv ri prgho sdudphwhuv1
Zkhq $s lv vpdoo/ zh rewdlq d odujhu eldv lq JPP4 wkdq lq PO1 Lq frqwudvw/ zkhq $s lv
odujh/ wkh JPP4 eldv lv vpdoohu wkdq wkh PO eldv1

Dv h{shfwhg/ wkh orzhu wkh txdolw| ri wkh sur{|/ wkh odujhu wkh eldv lq �s 1 Dq lqwhuhvwlqj
uhvxow lv wkdw/ iru orz ydoxhv ri � dqg �/ wkh JPP5 eldv lq �s fdq eh h{wuhpho| odujh1 Iru
lqvwdqfh/ iru � @ � @ 3=4 dqg � @ 4/ zkhq wkh wuxh iruzdug0orrnlqj sdudphwhu lv lq idfw
3188/ wkh Solp lv dv kljk dv 31;7/ vr wkdw wkh ghshqghqw yduldeoh \| zrxog eh fodlphg wr eh
dq hvvhqwldoo| iruzdug0orrnlqj surfhvv1 Frqyhuvho|/ wkh PO hvwlpdwru fdq eh vhyhuho| eldvhg
iru orz ydoxh ri � dqg odujh ydoxh ri �= Iru � @ 3=4/ � @ 3=</ dqg � @ 4/ zkhq \| lv lq idfw
hvvhqwldoo| iruzdug0orrnlqj +$s @ 3=<8,/ wkh Solp lv 3186/ vr wkdw wkh iruzdug0orrnlqj zhljkw
zrxog eh fodlphg wr eh dw lwv orzhu erxqg1

Odvw/ frqfhuqlqj sdudphwhu e/ wkh uhsruwhg Solpv looxvwudwh wkh udqnlqj kljkoljkwhg lq
Fruroodu| 4/ vlqfh wkh| duh v|vwhpdwlfdoo| odujhu iru wkh PO hvwlpdwru wkdq iru wkh JPP
hvwlpdwru1 Lq dgglwlrq/ wkh| duh yhu| forvh wr �� zkhq $s lv odujh +31:8 ru 31<8,/ exw wkh|
duh olnho| wr eh yhu| idu iurp wkh wuxh sdudphwhu iru vpdoo $s 1 Lw lv zruwk hpskdvl}lqj wkdw
qhjdwlyh Solpv iru wkh hvwlpdwru ri e duh suhfoxghg +h{fhsw iru d ? 3,1

Wr vxppdul}h/ xqghu phdvxuhphqw huuru/ JPP hvwlpdwlrq fdq ohdg wr dq ryhu0hvwlpdwlrq
ri wkh ghjuhh ri iruzdug0orrnlqjqhvv1 Wkh eldv lv srwhqwldoo| odujh1 Wklv �qglqj hfkrhv wkh
uhvxow rewdlqhg e| Uxgg dqg Zkhodq +5334,/ dowkrxjk wkhvh dxwkruv frqvlghuhg rplwwhg ydul0
deohv udwkhu wkdq phdvxuhphqw huuruv1 Qrwh wkdw rxu vhw0xs lv/ lq vrph uhvshfw/ pruh jhqhudo
vlqfh erwk wkh GJS dqg wkh hvwlpdwhg htxdwlrq duh k|eulg prghov/ zkloh Uxgg dqg Zkhodq
frqvlghuhg wkh fdvh ri d sxuho| edfnzdug0orrnlqj GJS dqg d sxuho| iruzdug0orrnlqj hvwlpdwhg
htxdwlrq1 Wkh fuxfldo ihdwxuh lq wkh wzr fdvhv lv wkdw d srvlwlyh JPP eldv rffxuv zkhq wkh
uhohydqw iruflqj yduldeoh lv qrw lqwurgxfhg dv uhjuhvvru lq wkh prgho/ exw lv lqfoxghg lq wkh
lqvwuxphqw vhw1 Wkh phfkdqlfv lv wkdw dfwxdo ixwxuh lq dwlrq xvhg lq wkh �uvw0vwdjh uhjuhvvlrq
fdswxuhv wkh h�hfw ri wkh +rplwwhg, uhohydqw yduldeoh1 Wkhq/ wkh vhfrqg0vwdjh uhjuhvvlrq whqgv
wr sxw dq h{fhvvlyh zhljkw rq wkh �wwhg ydoxh a\|n�1 Lq frqwudvw/ wkh eldv lq wkh PO hvwlpdwru
lv uhodwhg wr wkh vwdqgdug rplwwhg0yduldeoh eldv= Hvwlpdwlqj htxdwlrq +44, e| ROV sxwv dq
h{fhvvlyh zhljkw rq \|3�/ vlqfh \|3� lv/ lq fdvhv zh frqvlghu/ srvlwlyho| fruuhodwhg zlwk ]|1 Wkh
uhvxow wkdw wkh eldvhv ri wkh JPP dqg PO hvwlpdwruv duh lq rssrvlwh gluhfwlrqv zlwk uhvshfw
wr wkh wuxh ydoxh ri sdudphwhu $s pd| eh d vwhs wrzdugv udwlrqdol}lqj hpslulfdo frq lfwv147

47Wkh �qglqj wkdw eldvhv duh lq rssrvlwh gluhfwlrqv vhhpv wr eh vshfl�f wr wkh suhvhqw frqwh{w/ zkhuh wkh
h{shfwdwlrq whup lq wkh htxdwlrq ri lqwhuhvw uholhv rq wkh ohdg ri wkh OKV yduldeoh1 Lq wkh dowhuqdwlyh fdvh zkhuh
wkh h{shfwdwlrq whup lv wkh ohdg ri dqrwkhu yduldeoh/ vxfk d uhvxow lv ohvv olnho| wr krog1 Wklv lvvxh lv ohiw iru
ixuwkhu uhvhdufk1
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615 Plv0vshfl�fdwlrq ri w|sh LL= Rplwwhg g|qdplfv

61514 Dqdo|wlfdo uhvxowv

Zh qrz frqvlghu plv0vshfl�fdwlrq vwhpplqj iurp rplwwhg g|qdplfv1 Wr looxvwudwh wklv fdvh/
wkh wuxh GJS lv dvvxphg wr lqfoxgh wzr odjv ri wkh ghshqghqw yduldeoh=

\| @ $sH|\|n� . $�
K\|3� .

�
4� $s � $�

K

�
\|32 . �]| . %| +4:,

]| @ �]|3� . x|>

zkhuh wkh vxp ri sdudphwhuv shuwdlqlqj wr odjv dqg ohdg ri lq dwlrq lv htxdo wr rqh1 Wkh
uhgxfhg irup ri wklv prgho lv wkxv

\| @ *�\|3� .*2\|32 . �]| . �%|> +4;,

zkhuh sdudphwhuv *� dqg *2 duh uhodwhg wr wkh urrwv ri wkh fkdudfwhulvwlf sro|qrpldo jlyhq
e|

�
4� $sO

3� � $�
KO� �

4� $s � $�
K

�
O2

�
1 Wkh urrwv duh jlyhq e| *� @ +4 � $s ,@$s / *2 @

+4� $s � $�
K,@$s / dqg *� @ 41 Lq dgglwlrq/ zh kdyh � @ �@ +$s +4� �,,/ dqg �%| @ %|@$s zlwk

��20 @ �20@$
2
s 1 Vwdwlrqdulw| frqglwlrqv ri dq DU+5, surfhvv vxfk dv lq htxdwlrq +4;, +zlwkrxw

iruflqj yduldeoh, duh nqrzq wr eh 4 � *� � *2 A 3/ 4 . *� � *2 A 3/ dqg *2 A �4 +vhh h1j1
Kdplowrq/ 4<<7/ s1 4:�4;,1 Wkhvh frqglwlrqv duh htxlydohqw wr wkh iroorzlqj frqglwlrqv iru wkh
vwuxfwxudo sdudphwhuv

�
5� 6$s � $�

K

�
? 3 dqg �$s ? $�

K ? 4 lq dgglwlrq wr m�m ? 41
Iljxuh 4 glvsod|v/ lq wkh sodqh

�
$s > $

�
K

�
/ wkh vkdghg duhd zkhuh wkh uhgxfhg0irup htxdwlrq

+4;, lv vwdwlrqdu|1 Lq dgglwlrq/ wr eh frqvlvwhqw zlwk wkh wkhruhwlfdo ghulydwlrq ri wkh k|eulg
prgho/ zh pdlqwdlq wkh dvvxpswlrq wkdw $s � 4 +ru/ htxlydohqwo|/ *� � 3,1 Wklv |lhogv
wkh wuldqjxodu duhd DEF1 Wkh vhjphqw EF fruuhvsrqgv wr wkh fdvh ri qrq0vwdwlrqdulw| zlwk
*�.*2 @ 41 Dorqj wklv vhjphqw/ $2

K ghfuhdvhv iurp 4 wr �4@61 Wkh vhjphqw DE lv dvvrfldwhg
zlwk $s @ 41 Wklv vhjphqw doorzv ghjuhhv ri shuvlvwhqfh *� . *2 udqjlqj iurp �4 +zkhq
$�K @ 4 dqg $2

K @ �4, wr 4 +zkhq $�
K @ �4 dqg $2

K @ 4,1 Qrwlfh wkdw fkrrvlqj $�
K @ 4 grhv

qrw lpso| dq| uhvwulfwlrq xsrq shuvlvwhqfh ri \|/ vlqfh $s pd| lwvhoi ydu|1 Wklv wudqvodwhv wr
wkh vhjphqw FD ehlqj frqvlvwhqw zlwk *� . *2 udqjlqj iurp 4 wr �4 +$2

K udqjhv iurp �4@6

wr �4,1 Ilqdoo|/ wkh dvvxpswlrq wkdw $s / $�
K / dqg $2

K duh doo lq ^3> 4` zrxog lpso| wr uhvwulfw
wr wkh duhd GHI gh�qhg e|

�
$s > $

�
K

�
@ i+4> 3, > +5@6> 3, > +4@5> 4@5,j1 Wklv duhd lv suredeo| wkh

prvw lqwhuhvwlqj rqh iru hfrqrplf lqwhusuhwdwlrq1
Wkh hfrqrphwulfldq lv dvvxphg wr huurqhrxvo| vhohfw d vlqjoh0odj vshfl�fdwlrq/ vr wkdw wkh

hvwlpdwhg +plv0vshfl�hg, prgho lv d rqh0odj k|eulg prgho=

\| @ �sH|\|n� . +4� �s ,\|3� . e]| . y|> +4<,

dorqj zlwk wkh g|qdplfv ri wkh iruflqj yduldeoh +6,1 Wkhuh lv qr plv0vshfl�fdwlrq lq wkh olplwlqj
fdvh zkhuh *2 @ 3/ l1h1 $s . $�

K @ 41
JPP dv zhoo dv PO hvwlpdwruv fdq eh exlow txlwh vlploduo| wr wkh fdvh zlwk phdvxuh0

phqw huuru1 Zh frqvlghu wzr lqvwuxphqw vhwv iru JPP hvwlpdwruv1 Hvwlpdwru JPP4 lv
edvhg rq wkh lqvwuxphqw vhw i\|3�> ]|j/ zkloh hvwlpdwru JPP5 lv edvhg rq wkh lqvwuxphqw vhw
i\|3�> \|32> ]|j/ zklfk lqfoxghv wkh rplwwhg yduldeoh \|321
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JPP41 Hvwlpdwru JPP4 uholhv rq wkh iroorzlqj prphqw frqglwlrqv=

H ^\|3� � +\| � �s\|n� � +4� �s ,\|3� � e]|,` @ 3 +53,

H ^]| � +\| � �s\|n� � +4� �s ,\|3� � e]|,` @ 3= +54,

Dv lq wkh phdvxuhphqw0huuru fdvh/ vlqfh wkh prgho lv mxvw lghqwl�hg/ wkh Solpv ri wkh hvwlpdwruv
ri �s dqg e duh rewdlqhg e| vroylqj wkh wzr prphqw frqglwlrqv gluhfwo|1 Qrwh wkdw wkh
lqvwuxphqwv duh qrw ydolg lq wklv frqwh{w/ vlqfh wkh| duh fruuhodwhg zlwk wkh huuru whup1

JPP51 Hvwlpdwru JPP5 lqfoxghv i\|3�> \|32> ]|j ohdglqj wr dq ryhu0lghqwl�hg sdudphwhu
vhw/ zlwk wkh surshuw| wkdw wkh rplwwhg yduldeoh dsshduv lq wkh lqvwuxphqw vhw1 Qrwh wkdw
JPP5 plplfv dfwxdo sudfwlfh ri JPP ri lqwurgxflqj vhyhudo odjv ri wkh uhohydqw yduldeohv lq
wkh lqvwuxphqw vhw1 Dv lq wkh fdvh ri phdvxuhphqw huuru/ wklv hvwlpdwru lv exlow dv d wzr0vwhs
hvwlpdwru1 Iluvw/ \|n� lv uhjuhvvhg rq wkh lqvwuxphqw vhw wr exlog wkh h{shfwdwlrq ri \|n�
frqglwlrqdo rq wkh lqirupdwlrq vhw/ |lhoglqj e\|n� @ �

*2� . *2
�
\|3�.*�*2\|32. � +*� . �,]|=

Wkhq/ wkh iroorzlqj htxdwlrq lv hvwlpdwhg e| ROV=

\| � \|3� @ �s
�e\|n� � \|3�

�
. e]| . y�|=

Solpv ri hvwlpdwruv ri �s dqg e duh wkxv rewdlqhg e| vroylqj wkh wzr iroorzlqj prphqw
frqglwlrqv=

H
k�e\|n� � \|3�

�
�
�
\| � �s e\|n� � +4� �s ,\|3� � e]|

�l
@ 3 +55,

H
k
]| �

�
\| � �s e\|n� � +4� �s ,\|3� � e]|

�l
@ 3= +56,

PO1 Wkh PO hvwlpdwru lv rewdlqhg e| hvwlpdwlqj wkh uhgxfhg irup ri wkh srvwxodwhg prgho
+4<, wrjhwkhu zlwk htxdwlrq +6,/ wkdw lv=

\| @ *\|3� . �]| . �y|

zkhuh * @ +4� �s , @�s / � @ e@ +�s +4� #,,/ dqg �y| @ y|@�s 1 Sdudphwhuv * dqg � duh
hvwlpdwhg e| ROV/ vr wkdw wkhlu Solpv duh jlyhq e|

*�u @
H

�
]2
|

�
H +\|\|3�,�H +\|]|,H +]|\|3�,

H
�
]2
|

�
H

�
\ 2
|

��H +]|\|3�,
2

��u @
H

�
\ 2
|

�
H +\|]|,�H +]|\|3�,H +\|\|3�,

H
�
]2
|

�
H

�
\ 2
|

��H +]|\|3�,
2 =

Wkhq/ wkh Solpv ri wkh PO hvwlpdwruv ri �s dqg e duh jlyhq e| wkh frqglwlrqv �s @ 4@ +4 . *,

dqg e @ ��s +4� �,1

Wkh Solpv ri hdfk hvwlpdwru duh vxppdul}hg lq Sursrvlwlrq 51

Sursrvlwlrq 5 +Solp ri hvwlpdwruv lq fdvh ri rplwwhg g|qdplfv, Ohw xv dvvxph wkdw
wkh GJS lv jlyhq e| htxdwlrqv +6, dqg +4:,1 Dvvxph wkdw wkh hfrqrphwulfldq hvwlpdwhv wkh
prgho rplwwlqj wkh vhfrqg odj ri \|/ fruuhvsrqglqj wr wkh prgho jlyhq e| htxdwlrqv +6, dqg
+4<,1 Wkhq/ wkh wkuhh hvwlpdwruv kdyh wkh iroorzlqj Solpv=
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0 JPP hvwlpdwru zlwk lqvwuxphqw vhw i\|3�> ]|j +JPP4,=
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Surri = Vhh wkh glvfxvvlrq deryh1 Wkh frpsxwdwlrq ri wkh Solpv lv edvhg rq wkh prphqwv dqg
furvv0prphqwv uhsruwhg lq Dsshqgl{ 51

Zh yhuli| wkdw/ lq wkh fdvh *2 @ 3/ doo hvwlpdwruv duh dv|pswrwlfdoo| xqeldvhg/ vlqfh wklv
fdvh lpso| �C��� @ �C��2 @ ��u @ 4@ +4 . *�, @ $s 1 Vlqfh zh duh sulpdulo| lqwhuhvwhg
lq wkh h�hfw ri rplwwlqj d odj/ zh frqvlghu pruh vshfl�fdoo| wkh fdvh � @ 3/ zklfk fruuhvsrqgv
wr wkh iruflqj yduldeoh ehlqj d sxuh zklwh qrlvh1 Zh wkhq rewdlq wkh iroorzlqj fruroodu|1

Fruroodu| 5 Lq wkh fdvh � @ 3/ Solpv ri hvwlpdwruv ri �s dqg e duh uhvshfwlyho| jlyhq e|
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dqg

eC��� @ �

�
+4 . *�, +4� *2,

4 . *� � *2
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eC��2 @ �

�
+4 . *�, +4� *� � *2,
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� � *2�*2 �*2
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+4 . *�, +4� *2,

4 . *� � *2

�
@ eC���=

Wkh iroorzlqj lqhtxdolwlhv krog +surylghg 3 � *� . *2 � 4,=

4@5 � ��u � $s � �C��� � �C��2 � .4 li *2 � 3 +duhd D,
4@6 � �C��� � �C��2 � $s � ��u � 4 li *2 � 3dqg *� � 4 +duhd E,
4@7 � �C��� � $s � �C��2 � ��u � 5@6 li *2 5 ^�4> �*`dqg *� � 4 +duhd F,
4@7 � �C��� � $s � ��u � �C��2 � 4@5 li *2 5 ^�*> 3` dqg *� � 4 +duhd G,

dqg
3 � eC��2 � eC��� @ e�u � � li *2 � 3

eC��2 � � � eC��� @ e�u li *2 � 3

zlwk �* @
�
4� *2

�

�
@
�
4 . *2� � *�

�
/ zklfk lv qhjdwlyh zkhq *� � 41

Duhdv D wr G phqwlrqhg lq Fruroodu| 5 duh ghslfwhg lq Iljxuh 51 Lq pdq| dssolfdwlrqv/ lw
lv h{shfwhg wkdw *2 A 3 +l1h1/ $2K A 3,1 Wklv lv wkh fdvh lq sduwlfxodu iru wkh qhz Skloolsv fxuyh/
zkhuh dgglwlrqdo odjv duh olnho| wr kdyh d srvlwlyh fxpxodwlyh h�hfw1 Lq wklv frqwh{w/ JPP
dqg PO hvwlpdwhv duh wkxv eldvhg lq rssrvlwh gluhfwlrqv zlwk uhvshfw wr wkh wuxh sdudphwhu
$s 1 Iru pdq| rwkhu fdvhv +iru lqvwdqfh/ lq wkh prghoolqj ri rxwsxw jds,/ rqh zrxog rewdlq
*2 ? 3 zlwk *� A 41 Lq vxfk d frqwh{w/ erwk JPP5 dqg PO hvwlpdwruv duh eldvhg xszdugv
zlwk uhvshfw wr wkh wuxh sdudphwhu1

Uhvxow 6= Lq fdvh ri rplwwhg g|qdplfv ri wkh w|sh ghvfulehg e| htxdwlrqv +6,/ +4:,/ dqg
+4<,/ zkhq � @ 3 dqg $s � 3=8 +fruuhvsrqglqj wr duhdv D dqg E lq Iljxuh 5,/ PO dqg
JPP5 hvwlpdwruv ri �s duh dv|pswrwlfdoo| eldvhg lq rssrvlwh gluhfwlrqv zlwk uhvshfw wr
wkh wuxh ydoxh ri sdudphwhu $s 1 Zkhq $s � 3=8 +fruuhvsrqglqj wr duhdv F dqg G,/ PO
dqg JPP5 hvwlpdwruv ri �s duh dv|pswrwlfdoo| eldvhg xszdugv zlwk uhvshfw wr wkh wuxh
ydoxh ri sdudphwhu $s 1

Vhwwlqj � @ 3 pd| dsshdu dv dq ryhuo| vwurqj dvvxpswlrq/ dv frpsduhg zlwk wkh vhuldo
fruuhodwlrq w|slfdoo| rewdlqhg iru wkh iruflqj yduldeoh ri vrph k|eulg prghov1 Lw lv qrwhzruwk|/
krzhyhu/ wkdw wkh udqnlqj ri wkh Solpv ri PO dqg JPP hvwlpdwruv lv xqdowhuhg iru prvw
sdudphwhu vhwv/ dv lv frq�uphg e| wkh iroorzlqj Uhvxow 71

Uhvxow 7= Zkdwhyhu � � 3/ iru doo sdudphwhu vhwv frqvlghuhg/ wkh udqnlqj ri JPP dqg PO
hvwlpdwruv lv ��u � �C��� � �C��2 zkhq *2 � 3/ dqg �C��� � �C��2 � ��u

zkhq *2 � 3 +h{fhsw iru wkh yhu| wklq duhd G,1 Pruhryhu wkh iroorzlqj dgglwlrqdo uhvxow
lv dqdo|wlfdoo| vkrzq wr krog= ��u � $s zkhq *2 � 3/ dqg $s � ��u zkhq *2 � 31
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61515 Hylghqfh dqg glvfxvvlrq

Wkh lqwhusuhwdwlrq ri wkh udqnlqj uhsruwhg lq Fruroodu| 5 dqg Uhvxow 7 lv dqdorjrxv wr wkh
phdvxuhphqw0huuru fdvh1 Lqghhg/ wkh rplvvlrq ri yduldeoh \|32 fuhdwhv d grzqzdug eldv lq wkh
JPP4 dqg PO hvwlpdwruv ri wkh iruzdug0orrnlqj sdudphwhu/ wkurxjk wkh fruuhodwlrq ri \|32
zlwk \|3�1 Lq frqwudvw/ wkh JPP5 hvwlpdwru vx�huv iurp dq xszdug eldv ehfdxvh e\|n� sduwo|
fdswxuhv wkh h�hfw ri wkh rplwwhg yduldeoh1

Krzhyhu/ wkh txdqwlwdwlyh lpsruwdqfh ri wkh eldvhv lv vrphzkdw gl�huhqw iurp wkh fdvh
zlwk phdvxuhphqw huuru1 Wdeoh 6 suhvhqwv wkh Solpv ri JPP dqg PO hvwlpdwruv xvlqj
irupxodh uhsruwhg lq Sursrvlwlrq 51 Zh vhohfw vhyhudo sdluv iru

�
$s > $

�
K

�
/ fruuhvsrqglqj wr

lqwhuhvwlqj duhdv lq Iljxuh 4 +wkh vhohfwhg srlqwv duh glvsod|hg lq wkh �jxuh,1 Wkh fkrvhq
ydoxhv fruuhvsrqg wr d zlgh udqjh ri shuvlvwhqfh +*� . *2, ri wkh ghshqghqw yduldeoh1 Zh dovr
frqvlghu � @ i3> 3=8> 3=<j/ dqg � @ i3=4> 4j1 Zh rqo| uhsruw uhvxowv zkhq ��@�0 @ 4/ ehfdxvh
lw kdv ehhq irxqg wr kdyh rqo| pdujlqdo h�hfwv rq hvwlpdwruv1

Wkh uhvxowv uhsruwhg lq Wdeoh 6 frqwudvw udwkhu vkduso| zlwk wkrvh uhsruwhg lq wkh fdvh
ri phdvxuhphqw huuru1 Dq lpsruwdqw gl�huhqfh lv wkdw yhu| odujh eldvhv duh olnho| wr rffxu
zkdwhyhu wkh wuxh ydoxh ri $s 1 Zkhq wkh iruzdug0orrnlqj frpsrqhqw lv yhu| orz +$s @ 3=7,/
zlwk d odujh shuvlvwhqfh/ zklfk plplfv wkh uhvxowv ri Ixkuhu +4<<:, iru wkh qhz Skloolsv fxuyh/
wkh hvwlpdwru ri �s lv eldvhg wrzdugv 3 iru JPP4/ exw wrzdugv 4 iru JPP5 dqg PO1 Eldvhv
duh udwkhu prghudwh/ krzhyhu/ vlqfh wkh Solp ri wkh hvwlpdwru ri �s udqjhv ehwzhhq 316 dqg
319/ zkdwhyhu wkh hvwlpdwlrq surfhgxuh1 Rq wkh rwkhu vlgh/ zkhq $s @ 3=;/ zklfk lv forvh wr
wkh uhvxowv ri Jdoð dqg Jhuwohu +4<<<,/ zh rewdlq wkdw JPP hvwlpdwruv duh vhyhuho| eldvhg
zkhq wkh plvvlqj odj kdv d odujh srvlwlyh sdudphwhu1 Lq wkrvh fdvhv/ wkh Solp ri wkh hvwlpdwru
ri �s lv dv kljk dv 419 iru JPP4 dqg 515 iru JPP5 zkhq $2K @ 3=81 Frqwudvwlqj zlwk wkhvh
h{wuhph rxwfrphv/ wkh PO hvwlpdwru glvsod|v rqo| prghudwh eldvhv1

Zh dovr qrwlfh wkdw lqfuhdvlqj wkh �uvw0rughu fruuhodwlrq ri ]|/ +�,/ lqgxfhv dq lqfuhdvh
lq wkh PO eldv/ exw d ghfuhdvh lq wkh JPP eldv1 \hw/ lq prvw fdvhv/ hvwlpdwruv uhpdlq
dv|pswrwlfdoo| eldvhg lq wkh rssrvlwh gluhfwlrqv zlwk uhvshfw wr $s dv lq wkh fdvh � @ 31 Lq
dgglwlrq/ wkh zd| dq lqfuhdvh lq � d�hfwv wkh jds ehwzhhq JPP dqg PO hvwlpdwruv ghshqgv
rq wkh vljq ri wkh rplwwhg0yduldeoh sdudphwhu $2

K = Zkhq $2
K ? 3/ dq lqfuhdvh lq � uhvxowv lq dq

lqfuhdvh lq wkh jds ehwzhhq hvwlpdwruv/ zkloh/ frqyhuvho|/ zkhq $2
K A 3/ wkh jds lv uhgxfhg e|

dq lqfuhdvh lq �1
Lq vxp/ wkh PO hvwlpdwruv ri �s dqg e duh udwkhu prghudwho| eldvhg hyhq iru h{wuhph

fdvhv1 Wklv uhvxow frqwudvwv zlwk wkrvh rewdlqhg iru wkh JPP hvwlpdwruv zklfk duh olnho| wr
glvsod| vl}hdeoh eldvhv lq fdvhv ri d odujh iruzdug0orrnlqj frpsrqhqw/ zkhq d odujh srvlwlyh
zhljkw rq wkh vhfrqg odj lv suhvhqw1

7 D prgho zlwk ihhgedfn

Wklv vhfwlrq dgguhvvhv wkh fdvh zkhq vrph ihhgedfn iurp wkh ghshqghqw yduldeoh wrzdugv wkh
iruflqj yduldeoh lv doorzhg1 Wklv lvvxh lv ri sduwlfxodu lqwhuhvw iru vhyhudo uhdvrqv1 Iluvw/ lw lv
olnho| wkdw wkh g|qdplfv ri wkh iruflqj yduldeoh lv uhodwhg wr wkh ghshqghqw yduldeoh1 Lq wkh
fdvh ri wkh k|eulg Skloolsv fxuyh/ wkh uhdo pdujlqdo frvw ghshqgv rq lq dwlrq txlwh qdwxudoo|
+vhh Verugrqh/ 5335,1 Dovr lq dq lq dwlrq2rxwsxw0jds prgho/ vrph ihhgedfn iurp lq dwlrq
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wrzdugv wkh rxwsxw jds vkrxog eh h{shfwhg wkurxjk wkh h�hfw ri wkh uhdo lqwhuhvw udwh lq wkh
L0V fxuyh1 Vhfrqg/ d ihhgedfn h�hfw doorzv wr frqvlghu d zlghu lqwhuydo iru wkh zhljkw ri wkh
iruzdug0orrnlqj frpsrqhqw1 Lqghhg/ zkhq ]| lv vwulfwo| h{rjhqrxv/ rqo| ydoxhv ri $s odujhu
wkdq 318 duh frqvlvwhqw zlwk vwdwlrqdulw| ri wkh GJS zlwk d vlqjoh odj1 Zkhq wkhuh h{lvwv d
ihhgedfn iurp \|3� wr ]|/ doo ydoxhv ri $s lq lwv dxwkrul}hg grpdlq ^3> 4` duh frqvlvwhqw zlwk
vwdwlrqdulw|/ surylghg wkh ihhgedfn h�hfw kdv d vljq rssrvlwh wr wkdw ri �1

714 Wkh GJS

Wkh GJS zh frqvlghu lv

\| @ $sH|\|n� . +4� $s ,\|3� . �]| . %| +57,

]| @ �]|3� . �\|3� . x|> +58,

zkhuh huuru whupv kdyh wkh vdph surshuwlhv kdv lq prgho +5, dqg +6,1 Lq wklv vhw0xs/ ]| uhpdlqv
suhghwhuplqhg lq wkh htxdwlrq iru \| dqg lv zhdno| +udwkhu wkdq vwurqjo|, h{rjhqrxv iru sd0
udphwhuv $s dqg �1 Vxfk d ihhgedfn prgho fdqqrw eh vroyhg dqdo|wlfdoo|1 Wkh +dxwruhjuhvvlyh,
uhgxfhg0irup vroxwlrq fdq eh rewdlqhg xvlqj d qxphulfdo surfhgxuh/ vxfk dv wkrvh sursrvhg e|
Dqghuvrq dqg Prruh +4<;8,/ Vùghuolqg +4<<<,/ ru Nohlq +5333,148 Wkh PO dssurdfk wkhuhiruh
frqvlvwv/ dw hdfk vwhs ri wkh rswlpl}dwlrq surfhgxuh/ lq frpsxwlqj wkh uhgxfhg irup xvlqj rqh
vxfk surfhgxuh/ dqg wkhq lq pd{lpl}lqj wkh orj0olnholkrrg ri wkh uhgxfhg irup1 Wkh vwdqgdug
JPP hvwlpdwlrq dssurdfk vwloo dssolhv dv vxfk1

Wkh dlp ri wklv vhfwlrq lv wzrirog1 Iluvw/ zh vwxg| wkh �qlwh0vdpsoh eldvhv lq d fruuhfwo|0
vshfl�hg prgho zlwk ihhgedfn1 Dv fodlphg deryh/ zkhq wkh iruflqj yduldeoh lv vwurqjo| h{rjh0
qrxv/ vwdwlrqdulw| ri wkh GJS uhtxluhv $s A 3=81 Lq vxfk d vhw0xs/ zh rewdlqhg lq Vhfwlrq 516
wkdw wkh JPP hvwlpdwru ri $s kdv d qhjdwlyh eldv lq fdvh ri zhdn lqvwuxphqw uhohydqfh ru
lqvwuxphqw uhgxqgdqf|/ zkloh wkh PO hvwlpdwru grhv qrw glvsod| dq| qrwlfhdeoh eldv1 Doorz0
lqj wkh wuxh sdudphwhu $s wr eh orzhu wkdq 318 jlyhv wkh rssruwxqlw| wr h{whqg wkhvh suhylrxv
uhvxowv1 Vhfrqg/ zh dlp dw phdvxulqj wkh dv|pswrwlf eldv lq d plv0vshfl�hg prgho zkhq $s
lv vpdoohu wkdq wkh erxqgv deryh +425 zlwk d vlqjoh odj dqg 426 zlwk wzr odjv,1 Wklv lv dq
lpsruwdqw lvvxh/ vlqfh vhyhudo dxwkruv kdyh dgyrfdwhg wkdw wkh iruzdug0orrnlqj frpsrqhqw
pd| eh lq idfw yhu| vpdoo +vhh Ixkuhu/ 4<<:/ ru Ixkuhu dqg Uxghexvfk/ 5335,1

715 Ilqlwh0vdpsoh eldv lq wkh fruuhfwo|0vshfl�hg prgho

Dv lq wkh fdvh zlwkrxw ihhgedfn/ zh ehjlq zlwk d eulhi lqyhvwljdwlrq ri wkh �qlwh0vdpsoh
surshuwlhv ri JPP dqg PO hvwlpdwruv lq d fruuhfwo|0vshfl�hg prgho1 Zh vhohfw wkh iroorzlqj
sdudphwhu ydoxhv iru rxu edvholqh fdvh= $s @ 3=58/ � @ 3=:8/ dqg �20 @ �2� @ 41 Zh fkrrvh
$s @ 3=58 ehfdxvh wkh pdlq lqwhuhvw iru doorzlqj ihhgedfn lv wr frqvlghu d orz ydoxh ri $s 1
Vxfk d ydoxh kdv ehhq irxqg wr eh sodxvleoh lq Ixkuhu +4<<:, lq wkh fdvh ri wkh Skloolsv fxuyh1
Zh vhohfw ydoxhv ri � lq i3=4> 4j dqg � lq i�3=8>�3=4j1 Wkh ydoxh ri � @ �3=8 lv wdnhq iurp
Ixkuhu dqg Uxghexvfk +5335,1 Lw lv dujxdeo| odujh/ exw rxu sxusrvh lv wr looxvwudwh wkh h�hfw

48Dq dowhuqdwlyh hvwlpdwlrq surfhgxuh kdv ehhq uhfhqwo| sxw iruzdug e| Nxupdqq +5335, lq d forvho| uhodwhg
frqwh{w/ iroorzlqj wkh dssurdfk ruljlqdoo| ghyhorshg e| Vdujhqw +4<:<,1 Wklv dssurdfk uholhv rq hvwlpdwlqj d
YDU prgho iru wkh wzr yduldeohv lqfoxglqj wkh yduldeoh ri lqwhuhvw t|1 \hw/ wkh YDU sdudphwhuv duh hvwlpdwhg
xqghu wkh frqvwudlqwv lpsrvhg e| wkh udwlrqdo0h{shfwdwlrq htxdwlrq +khuh/ wkh k|eulg htxdwlrq,1
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ri ihhgedfn wrzdugv wkh iruflqj yduldeoh1 Rwkhu ydoxhv frqvlghuhg duh $s @ i3=8> 3=:8j dqg
� @ i3=8> 3=:8> 3=<j1

Wdeoh 7 uhsruwv uhvxowv iru JPP +zlwk 3 dqg : odjv lq wkh lqvwuxphqw vhw, dqg iru PO/
zlwk vdpsoh vl}h W @ 433= Zh dovr uhsruw wkh Solp ri ROV hvwlpdwruv +frpsxwhg iurp d
vlpxodwlrq zlwk W @ 433> 333,1 Iru $s @ 3=8 dqg 3=:8/ zh �qg vlplodu uhvxowv wr wkh fdvh
zlwkrxw ihhgedfn/ vr zh irfxv rq wkh fdvh $s @ 3=58 rqo|1 Rxu pdlq �qglqjv duh dv iroorzv1

Iluvw/ wkh JPP eldv lv qhjoljleoh iru � @ 4 dqg prghudwh iru � @ 3=41 Wklv lv ehfdxvh wkh
JPP hvwlpdwru lv eldvhg lq gluhfwlrq ri wkh ROV hvwlpdwru1 Zkhq � @ 3=4/ wkh Solp ri wkh
ROV hvwlpdwru lv yhu| forvh wr 318/ vr wkdw wkh phgldq ri wkh JPP hvwlpdwru udqjhv ehwzhhq
316 dqg 3181 \hw/ zkhq � @ 4/ wkh Solp ri ROV lv pxfk forvhu wr 3158/ vr wkdw hyhq ROV lv
qhduo| xqeldvhg1

Vhfrqg/ lq vrph lqvwdqfhv/ PO dsshduv wr vx�hu iurp d qrwlfhdeoh �qlwh0vdpsoh eldv1 Wklv
eldv lv uhodwhg wr wkh �qlwh0vdpsoh eldv lq wkh ROV hvwlpdwru ri wkh dxwruhjuhvvlyh sdudphwhu
lq dq DU+4, prgho +vhh/ h1j1/ Vdzd/ 4<:;,1 Wkh eldv lv vxevwdqwldo rqo| zkhq wkh dxwruhjuhvvlyh
urrw ri wkh xqlyduldwh surfhvv iru \| lv odujh/ l1h1 zkhq $s lv vpdoo1 Krzhyhu/ jlyhq wkh irup
ri wkh qrqolqhdu ixqfwlrq ehwzhhq wkh DU sdudphwhu dqg wkh hvwlpdwhg vwuxfwxudo sdudphwhu/
d vpdoo eldv lq wkh DU urrw wudqvodwhv lqwr d qrwlfhdeoh eldv lq �s 1 PO dovr h{shulhqfhv orz
shuirupdqfh/ zkhq � lv orz/ ehfdxvh ri zhdn hpslulfdo lghqwl�fdwlrq1 Lqghhg lq wklv fdvh/ ]|

fdq kdugo| eh glvwlqjxlvkhg iurp \|3�1
Odvw/ wkh hvwlpdwru ri e lv jhqhudoo| eldvhg wrzdugv 3 zkhq � @ 3=4> zkloh lw lv eldvhg

xszdugv zkhq � @ 41 Wkhvh eldvhv duh prghudwh/ krzhyhu1
Wr vxp xs/ wkh pdlq frqfoxvlrqv irxqg suhylrxvo| h{whqg wr wklv pruh sodxvleoh fdvh1

Zlwk JPP/ wkh �qlwh0vdpsoh eldv lq wkh hvwlpdwru ri �s lv jhqhudoo| srvlwlyh1 Lw lv zruwk
hpskdvl}lqj/ krzhyhu/ wkdw wkh sdudphwhu lv eldvhg wrzdugv 318 dqg qrw wrzdugv 41 Wkhuhiruh/
lw fdqqrw dffrxqw iru wkh frqwudvw ehwzhhq JPP dqg PO hvwlpdwhv uhsruwhg lq wkh olwhudwxuh1

716 Dv|pswrwlf eldv lq wkh fdvh ri plv0vshfl�fdwlrq

Zh qrz frqfhqwudwh rq wkh vl}h ri wkh eldv lq JPP dqg PO hvwlpdwruv lq fdvh ri plv0
vshfl�fdwlrq1 Zh frqvlghu phdvxuhphqw huuru dqg rplwwhg g|qdplfv lq wxuq1

71614 Phdvxuhphqw huuru

Lq fdvh ri phdvxuhphqw huuru/ wkh dvvxphg GJS lv jlyhq e| htxdwlrqv +57,/ +58,/ dqg +;,/
zklfk zh uhshdw iru uhdghu*v frqyhqlhqfh=

\| @ $sH|\|n� . +4� $s ,\|3� . �]| . %|

]| @ �]|3� . �\|3� . x|

[| @ d]| . h|>

zkloh wkh hfrqrphwulfldq huurqhrxvo| hvwlpdwhv

\| @ �sH|\|n� . +4� �s ,\|3� . e[| . y|

[| @ #[|3� . �\|3� .z|=
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Wkh edvholqh sdudphwhuv duh/ dv suhylrxvo|/ $s @ 3=58/ � @ 3=:8/ dqg ��@�0 @ 41 Zh dovr
vhohfw ydoxhv ri � lq i�3=8>�3=4j/ � lq i3=4> 4j/ dqg � lq i3=4> 3=8> 3=<j1 Vlqfh dv|pswrwlf eldvhv
fdqqrw eh frpsxwhg dqdo|wlfdoo| lq wklv vhw0xs/ wkh| duh frpsxwhg xvlqj d odujh Prqwh0Fduor
vlpxodwlrq +W @ 58> 333, iru hdfk h{shulphqw1

Wdeoh 8 uhsruwv wkh uhvxowv ri wkhvh vlpxodwlrqv1 Dv d suholplqdu| frpphqw/ lw lv zruwk
hpskdvl}lqj wkdw/ xqolnh wkh prgho zlwkrxw ihhgedfn ri Vhfwlrq 6/ erwk JPP dqg PO hvwl0
pdwruv duh qrz eldvhg xszdugv zkhq wkh iruzdug0orrnlqj frpsrqhqw lv fkrvhq wr eh yhu| orz
+$s @ 3=58,1 Wkh eldv lq �s lv prghudwh zkhq wkh txdolw| ri wkh sur{|/ � / lv odujh/ zlwk d
eldv vpdoohu wkdq 3141 Lq frqwudvw/ zkhq � lv fkrvhq wr eh vpdoo +� @ 3=4,/ zh rewdlq vl}hdeoh
eldvhv/ dv kljk dv 316 iru wkh JPP dv zhoo dv wkh PO hvwlpdwruv1 E| dqg odujh/ eldvhv duh
irxqg wr eh orfdwhg lq d vlplodu udqjh iru wkh wkuhh hvwlpdwruv1 Dv h{shfwhg/ eldvhv duh pxfk
vpdoohu zkhq wkh iruzdug0orrnlqj sdudphwhu $s lv htxdo wr 318 ru 31:81

Lq doo fdvhv/ wkh hvwlpdwru ri wkh sdudphwhu ri wkh iruflqj yduldeoh +e, lv irxqg wr eh eldvhg
wrzdugv 31 Wkh eldv ghfuhdvhv zlwk wkh txdolw| � ri wkh sur{|1

71615 Rplwwhg g|qdplfv

Lq fdvh ri rplwwhg g|qdplfv/ wkh GJS lv jlyhq e|=

\| @ $sH|\|n� . $�
K\|3� .

�
4� $s � $�

K

�
\|32 . �]| . %|

]| @ �]|3� . �\|3� . x|>

zkloh wkh hfrqrphwulfldq hvwlpdwhv wkh +plv0vshfl�hg, prgho jlyhq e| htxdwlrqv +57, dqg +58,1
Wkh edvholqh sdudphwhuv duh xqfkdqjhg/ h{fhsw iru wkh zhljkw ri wkh odj dqg ohdg frpsr0

qhqwv
�
$s > $

�
K > $

2
K

�
/ iru zklfk zh frqvlghu vhyhudo gl�huhqw vhwv/ zlwk +3=98> 3=68> 3, fruuhvsrqg0

lqj wr wkh fdvh zlwk qr plv0vshfl�fdwlrq1
Wdeoh 9 uhsruwv wkh uhvxowv ri wkhvh vlpxodwlrqv1 Lqwhuhvwlqjo|/ zh qrwlfh wkdw eldvhv duh

yhu| vxevwdqwldo iru JPP hvwlpdwruv/ hyhq zkhq wkh zhljkw ri wkh rplwwhg odj lv orz1 +Dq
h{fhswlrq ehlqj wkh fdvh zlwk qr plv0vshfl�fdwlrq,1 Iru lqvwdqfh/ zkhq $s @ 3=8/ $�

K @ 3=58/
dqg $2

K @ 3=58/ zh rewdlq d Solp ri wkh hvwlpdwru ri �s htxdo wr 3=<: iru JPP5/ dqg 3=8;

iru PO1 Wkh Solp ri JPP hvwlpdwru lv riwhq kljkhu wkdq 4/ hyhq zkhq $s � 3=8/ vr wkdw wkh
hfrqrphwulfldq zrxog uhmhfw wkh k|eulg prgho lq idyru ri d sxuho| iruzdug0orrnlqj prgho1 Lq
dgglwlrq/ eldvhv duh sduwlfxoduo| odujh iru wkh JPP5 hvwlpdwru1 Wkh Solp ri wkh hvwlpdwru �s
lv irxqg wr eh odujhu wkdq 4 lq doo lqvwdqfhv exw wzr fdvhv/ fruuhvsrqglqj wr wkh orzhvw zhljkwv
rq wkh vhfrqg odj1 Wkhvh uhvxowv dovr surylgh dq h{whqvlrq wr Fruroodu| 5= Wkh PO eldv lv lq
prvw fdvhv pxfk vpdoohu wkdq wkh JPP eldv1 Wkh udqnlqj ri Solpv ri hvwlpdwruv zlwk uhvshfw
wr wkh wuxh ydoxh ri sdudphwhu $s grhv qrw krog dq|pruh/ krzhyhu1

Zkhq wkh devroxwh ydoxh ri wkh ihhgedfn sdudphwhu � ghfuhdvhv/ wkh JPP eldv lqfuhdvhv
v|vwhpdwlfdoo|1 Wkh fdvh � @ 4 khosv wr uhgxfh shuvlvwhqfh lq wkh v|vwhp/ vr wkdw eldvhv duh
lq jhqhudo pxfk orzhu wkdq iru � @ 3=41

D ixuwkhu lqwhuhvwlqj uhvxow lv wkdw wkh Solp ri wkh JPP hvwlpdwru ri e lv irxqg wr eh
qhjdwlyh lq pdq| lqvwdqfhv1 Wklv lv wkh fdvh lq sduwlfxodu zkhq wkh zhljkw $2

K lv srvlwlyh dqg
odujh dqg zkhq wkh sdudphwhu ri wkh iruflqj yduldeoh lv vpdoo +� @ 3=4,1 Dovr wkh eldv lq e lv
pxfk odujhu iru JPP5 wkdq iru JPP41
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Uhvxow 8= Lq d prgho zlwk ihhgedfn/ phdvxuhphqw huuru lv yhu| xqolnho| wr �oo wkh jds ehwzhhq
sdudphwhu hvwlpdwhv rewdlqhg e| JPP dqg PO1 Lq frqwudvw/ d olplwhg dprxqw ri plv0
vshfl�fdwlrq lq wkh irup ri dq rplwwhg g|qdplfv pd| surgxfh glvfuhsdqflhv ehwzhhq
JPP dqg PO hvwlpdwruv ri wkh ghjuhh ri iruzdug0orrnlqjqhvv wkdw duh lq h{fhvv ri 3=81

8 Udwlrqdol}lqj hylghqfh rq wkh k|eulg Skloolsv fxuyh

Wklv vhfwlrq looxvwudwhv uhvxowv rewdlqhg lq wkh suhylrxv vhfwlrqv/ xvlqj wkhp wr uhh{dplqh
hvwlpdwhv ri wkh Qhz Nh|qhvldq Skloolsv fxuyh1

814 Hvwlpdwlqj wkh k|eulg Skloolsv fxuyh

Wkh edvholqh k|eulg lq dwlrq prgho lv wkh iroorzlqj=

�| @ $sH|�|n� . $K�|3� . �]| . %| +59,

zkhuh �| lv wkh lq dwlrq udwh dqg ]| lv wkh uhdo pdujlqdo frvw1 Sdudphwhuv $s dqg $K duh
srvlwlyh zlwk $s .$K � 41 Wklv prgho kdv ehhq sursrvhg ruljlqdoo| e| Fkdgkd/ Pdvvrq/ dqg
Phuhglwk +4<<5,1 Wzr sur{lhv iru uhdo pdujlqdo frvw kdyh ehhq frqvlghuhg lq wkh olwhudwxuh=
wkh rxwsxw jds dqg wkh uhdo XOF1 Zlwk rxwsxw jds dv d iruflqj yduldeoh/ wklv prgho qhvwv
dv vshfldo fdvhv wkh wudglwlrqdo Skloolsv fxuyh +$s @ 3,/ wkh Wd|oru +4<;3, iruzdug0orrnlqj
Skloolsv fxuyh +$s @ 4,/ dqg wkh Ixkuhu dqg Prruh +4<<8, prgho zlwk wzr0shulrg frqwudfwv
+$s @ 4@5,1 Zlwk uhdo XOF dv d iruflqj yduldeoh/ wklv prgho lv yhu| forvh wr wkh k|eulg Skloolsv
fxuyh sxw iruzdug e| Jdoð dqg Jhuwohu +4<<<, ru Fkulvwldqr/ Hlfkhqedxp/ dqg Hydqv +5334,1

Dowkrxjk vhyhudo uhfhqw zrun kdv irfxvhg rq wkh uhdo XOF lqvwhdg ri rxwsxw jds dv d sur{|
iru wkh uhdo pdujlqdo frvw/ zh uhvruw wr wkh wudglwlrqdo iruflqj yduldeoh/ ehfdxvh lw surylghv d
pruh lqwhuhvwlqj looxvwudwlrq ri rxu wkhruhwlfdo uhvxowv1 Lq sduwlfxodu/ wkh uhdo XOF zdv qrw
irxqg wr eh fdxvhg e| lq dwlrq +fi1 dovr Nxupdqq/ 5335,/ zkloh rxwsxw jds kdv orqj ehhq
irxqg wr eh uhodwhg wr lq dwlrq +vhh Uxghexvfk/ 5335,1 Wkh g|qdplfv ri wkh rxwsxw jds
lv dghtxdwho| prghoohg zlwk wkuhh rzq odjv dqg wkuhh odjv ri lq dwlrq149 Zh wkxv frqvlghu
htxdwlrq +59, wrjhwkhu zlwk=

]| @
�[
�'�

��]|3� .
�[
�'�

���|3� . x|= +5:,

Dv lqglfdwhg suhylrxvo|/ Jdoð dqg Jhuwohu +4<<<, kdyh ghulyhg wkh k|eulg Skloolsv fxuyh
dvvxplqj wkdw vrph �upv vhw wkhlu sulfh rswlpdoo| lq d vwlfn|0sulfh iudphzrun1 Iroorzlqj
Fdoyr +4<;6,/ rqo| d iudfwlrq ri �upv lv doorzhg wr uhvhw wkhlu sulfh/ dw hdfk gdwh1 Vrph ri
wkhvh �upv xvh d edfnzdug0orrnlqj uxoh ri wkxpe/ zkloh wkh rwkhuv duh iruzdug0orrnlqj1 Lq
vxfk d frqwh{w/ wkh vxp ri wkh edfnzdug dqg iruzdug0orrnlqj whupv olhv wkhruhwlfdoo| ehwzhhq
� dqg 4/ zkhuh � lv wkh glvfrxqw idfwru1 Wkhuhiruh/ $s . $K vkrxog eh yhu| forvh wr 4 iru dq|

49D vwdqgdug prghoolqj ri wkh rxwsxw0jds g|qdplfv w|slfdoo| lqfrusrudwhv wkh uhdo lqwhuhvw udwh lqvwhdg ri
lq dwlrq1 Lqwurgxflqj dq dgglwlrqdo htxdwlrq fruuhvsrqglqj wr wkh prqhwkdu| dxwkrulwlhv* uhdfwlrq ixqfwlrq
zrxog/ krzhyhu/ yhlo wkh lqwhusuhwdwlrq ri rxu hpslulfdo hylghqfh lq wkh oljkw ri rxu wkhruhwlfdo uhvxowv1 Rxu
vshfl�fdwlrq +5:, pd| wkhuhiruh eh lqwhusuhwhg dv d uhgxfhg0irup htxdwlrq1
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sodxvleoh ydoxh ri �1 Lq wkh dssolfdwlrq ehorz/ zh lpsrvh $s . $K @ 3=<< lq htxdwlrq +59,/ d
uhvwulfwlrq zklfk lv yhu| forvh wr wkh rqh dgrswhg e| Jdoð dqg Jhuwohu +� @ 3=<<,1

Zh gh�qh �Z| @ +�|> ]|,
� dqg �| @ +%|> x|,

�1 Dv suhylrxvo|/ lqqrydwlrqv �| duh dvvxphg wr eh
vhuldoo| xqfruuhodwhg/ zlwk H +�|�

�
|�, @ 	 li w� @ w dqg 3 rwkhuzlvh1 \hw/ wkh frqwhpsrudqhrxv

fryduldqfh pdwul{ 	 lv doorzhg wr kdyh d qrq0}hur fryduldqfh ehwzhhq %| dqg x|/ ghqrwhg �0�1
Xqnqrzq sdudphwhuv duh jdwkhuhg wrjhwkhu lq � @

�
$s > �> �5> ��> �2> ��> ��> �2> ��> �

2
0> �

2
�> �0�

�
1

Dv uhjdugv JPP dqg PO hvwlpdwlrq surfhgxuhv/ zh frqvlghu voljkw ghsduwxuhv iurp wkh
iudphzrun ghvfulehg lq suhylrxv vhfwlrqv/ lq rughu wr iroorz wkh vwdqgdugv ri wkh hpslul0
fdo olwhudwxuh1 Frqvlvwhqwo| zlwk wkh qrq0}hur fryduldqfh ehwzhhq %| dqg x|/ ydolg lqvwux0
phqwv duh gdwhg w � 4 ru hduolhu rqo|1 Iru hvwlpdwru JPP5/ wkh lqvwuxphqw vhw frqwdlqvq
�Z|3�> �Z|32> �Z|3�

r
/ zkloh JPP4 hvwlpdwru lv rewdlqhg zkhq dgglwlrqdo odjv ri lq dwlrq

+eh|rqg �|3�, duh rplwwhg1 Iroorzlqj wkh dssurdfk dgrswhg e| Jdoð dqg Jhuwohu +4<<<,/ zh
frpsxwh wkh JPP zhljkwlqj pdwul{ xvlqj wkh Qhzh| dqg Zhvw +4<;:, surfhgxuh zlwk d
edqgzlgwk ri 7 odjv1

Frqfhuqlqj wkh PO dssurdfk/ htxdwlrqv +59, dqg +5:, duh hvwlpdwhg vlpxowdqhrxvo|/ xvlqj
wkh surfhgxuh ghyhorshg e| Dqghuvrq dqg Prruh +4<;8, wr frpsxwh wkh uhgxfhg irup ri wkh
prgho

�Z| @
�[

�'�

E�
�Z|3� .Ef�|/ +5;,

zkhuh Ef lv wkh pdwul{ ri frqwhpsrudqhrxv frh!flhqwv1 Wkhuhiruh/ wkh frqfhqwudwhg orj0

olnholkrrg ixqfwlrq iru vdpsoh
q
�Z|

rA
|'�

lv gh�qhg dv iroorzv=

oqO +�, @ �W ^4 . oq +5�,`� W

5
oq

���a	���. W

5
oq

��� aE3�
f

���2
zkhuh a	 @ �

A

SA
|'� a�| +�, a�| +�,

� lv wkh hvwlpdwhg fryduldqfh pdwul{ ri uhvlgxdov1 Wkh orj0
olnholkrrg ixqfwlrq lv pd{lpl}hg xvlqj wkh EIJV dojrulwkp ri wkh JDXVV Frqvwudlqhg Pd{0
lpxp Olnholkrrg sdfndjh surfhgxuh1

Hvwlpdwlrq lv shuiruphg rq XV gdwd/ ryhu wkh vdpsoh shulrg 4<93=L05333=LY1 Lq dwlrq lv
gh�qhg dv wkh dqqxdol}hg txduwhuo| shufhqw fkdqjh lq wkh lpsolflw JGS gh dwru1 Wkh rxwsxw0
jds phdvxuh frpsxwhg dv wkh ghyldwlrq ri JGS iurp d wuhqg zlwk d euhdn lq vorsh lq 4<:6=LY1
Hpslulfdo hvwlpdwhv ri wkh edvholqh k|eulg prgho duh uhsruwhg lq Wdeoh :1

Lq vslwh ri vrph gl�huhqfhv lq vdpsoh shulrg dqg lqvwuxphqw vhw/ uhvxowv lq wkh wdeoh
duh eurdgo| lq dffrugdqfh zlwk suhylrxv hvwlpdwhv1 Wkh PO hvwlpdwlrq surylghv d vljql�fdqw
lpsdfw ri rxwsxw jds +zlwk wkh h{shfwhg srvlwlyh vljq, dqg wkh edfnzdug0orrnlqj frpsrqhqw
lv grplqdqw1 Wkh hvwlpdwh ri wkh iruzdug0orrnlqj sdudphwhu +$s @ 3=78, lv odujhu wkdq wkh
sdudphwhu rewdlqhg e| Ixkuhu/ vlqfh klv hvwlpdwhv ri $s udqjh iurp 3=35 wr 3=531 Wklv hylghqfh
frqwudvwv txlwh vkduso| zlwk hvwlpdwhv shuiruphg zlwk JPP zklfk erwk srlqw wr d grplqdqw
iruzdug0orrnlqj frpsrqhqw +$s @ 3=99 iru JPP4 dqg 3=:3 iru JPP5,1 Lq dgglwlrq/ JPP
hvwlpdwhv vxjjhvw d qhjdwlyh/ |hw qrq0vljql�fdqw/ sdudphwhu ri rxwsxw jds1

Ryhudoo/ rxu hvwlpdwlrqv uhyhdo wkdw/ zlwk rxu gdwd dqg rxu phuh iudphzrun/ wkh jds
ehwzhhq JPP5 dqg PO hvwlpdwhv ri $s lv dv kljk dv 3=581 Vxfk d frqwudvw dfurvv hvwlpdwlrq
phwkrgv kdv douhdg| ehhq irxqg e| Mrqghdx dqg Oh Elkdq +5334, dqg Olqgì +5334,1

Ilqdoo|/ uhvlgxdo fkhfn grhv qrw srlqw wr d fohdu0fxw plv0vshfl�fdwlrq1 Rq rqh kdqg/ wkh
Kdqvhq M0vwdwlvwlf iru ryhu0lghqwli|lqj uhvwulfwlrqv grhv qrw uhmhfw wkh qxoo k|srwkhvlv iru wkh
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JPP hvwlpdwlrqv/ zkloh/ rq wkh rwkhu kdqg/ vwdwlvwlfv iru PO uhvlgxdov uhyhdo d voljkw vhuldo
fruuhodwlrq ri wkh Skloolsv0fxuyh uhvlgxdov1 Lq dgglwlrq/ wkh srvlwlyh jds ehwzhhq JPP5 dqg
PO hvwlpdwhv ri $s lv yhu| vxjjhvwlyh ri d plvvlqj odj/ dv lqglfdwhg lq suhylrxv vhfwlrqv14:

815 Wrzdugv �oolqj wkh jds

Lq rughu wr lqyhvwljdwh wkh frqvhtxhqfhv ri rplwwhg g|qdplfv/ zh frqvlghu qrz wkh iroorzlqj
GJS lq zklfk lq dwlrq ghshqgv rq vhyhudo rzq odjv=

�| @ $sH|�|n� .
�[
�'�

$�K�|3� . �]| . %| +5<,

]| @
�[
�'�

��]|3� .
�[
�'�

���|3� . x|> +63,

zkhuh wkh uhvwulfwhg prgho +zlwk rplwwhg g|qdplfv, lv rewdlqhg e| vhwwlqj $2
K @ $�K @ 314;

Dv lqglfdwhg lq Vhfwlrq 6/ vxfk d prgho kdv ehhq frqvlghuhg lq vhyhudo vwxglhv1 Iru lqvwdqfh/
Uxghexvfk +5335,/ Pdyurhlglv +5334,/ dqg Jdoð/ Jhuwohu/ dqg Oösh}0Vdolgr +5334, hvwlpdwh
vxfk d prgho/ zkloh Ixkuhu +4<<:,/ Frhqhq dqg Zlhodqg +5333,/ Urehuwv +5334,/ ru Nr}lfnl
dqg Wlqvoh| +5335, lqwurgxfh/ lq dgglwlrq/ ohdgv ri lq dwlrq1 Nr}lfnl dqg Wlqvoh| +5335, dovr
uhylhz vhyhudo lqwhusuhwdwlrqv ri vxfk d vshfl�fdwlrq1

Wdeoh ; uhsruwv PO hvwlpdwhv ri prgho +5<, dqg +63,1 Lw lqglfdwhv wkdw wkh zhljkw ri wkh
iruzdug0orrnlqj frpsrqhqw lv dv orz dv 3171 Wkh wklug odj lv dovr irxqg wr eh vljql�fdqw1 Wkh
vhuldo fruuhodwlrq ri uhvlgxdov irxqg lq wkh prgho zlwk d vlqjoh odj kdv glvdsshduhg/ dowkrxjk
wkh vhuldo fruuhodwlrq ri vtxduhg uhvlgxdov uhpdlqv1

Zh qrz lqyhvwljdwh wkh vrxufh ri wkh glvfuhsdqf| ehwzhhq wkh wzr hvwlpdwlrq phwkrgv
xvlqj vrph Prqwh0Fduor vlpxodwlrqv1 Rxu suhylrxv h{shulphqwv lq Vhfwlrqv 6 dqg 7 kdyh
kljkoljkwhg wkdw rqo| d prghudwh ydoxh ri $s zlwk dq rplwwhg g|qdplfv fdq khos wr uhfrqfloh
wkh Solpv ri hvwlpdwruv zlwk hpslulfdo hylghqfh1 Lq wklv fdvh/ lqghhg/ zh zrxog rewdlq d
vljql�fdqw eldv lq JPP dv zhoo dv PO hvwlpdwruv/ exw wkh JPP hvwlpdwru zrxog eh pruh
eldvhg wrzdugv 4 wkdq wkh PO hvwlpdwru1 Wkhuhiruh/ zh dvvxph wkdw wkh PO hvwlpdwlrq ri
wkh prgho zlwk wkuhh odjv ri lq dwlrq surylghv d urxjk ghvfulswlrq ri wkh wuxh GJS1 Wkh GJS
xvhg lq Prqwh0Fduor vlpxodwlrqv lv wkxv wkh prgho +5<, dqg +63, zlwk wkh sdudphwhu hvwlpdwhv
uhsruwhg lq Wdeoh ;1 Zh vlpxodwh 5333 vdpsohv ri vl}h W @ 493 ri wklv GJS1 Wkhq/ zh hvwlpdwh
wkh prgho zlwk rqh vlqjoh odj dqg ohdg xvlqj JPP dv zhoo dv PO hvwlpdwlrq surfhgxuhv1 Li
wkh wuxh GJS lv forvh wr rxu vlpxodwhg GJS/ zh h{shfw wkh sdudphwhu hvwlpdwhv wr eh forvh
wr wkrvh irxqg rq XV gdwd1

Wdeoh < uhsruwv wkh phgldq dqg wkh PDG ri wkh �qlwh0vdpsoh surshuwlhv ri wkh hvwlpdwruv1
Wkh udqnlqj rewdlqhg iru wkh wkuhh hvwlpdwruv lv lq dffrugdqfh zlwk wkh wkhruhwlfdo dqdo|vlv dv
zhoo dv zlwk wkh hpslulfdo uhvxowv suhvhqwhg deryh1 Dv lqglfdwhg lq Uhvxow 7 lq wkh fdvh zlwkrxw

4:Zh shuiruphg wkh vdph h{huflfh zlwk uhdo XOF lq sodfh ri rxwsxw jds dv iruflqj yduldeoh1 Zh rewdlqhg
yhu| vlplodu uhvxowv1 Lq sduwlfxodu/ zh irxqg d glvfuhsdqf| ehwzhhq JPP5 dqg PO hvwlpdwruv dv kljk dv f��.1

4;Zh looxvwudwh rxu wkhruhwlfdo uhvxowv irfxvlqj rq d plv0vshfl�fdwlrq gxh wr rplwwhg g|qdplfv lqvwhdg ri
phdvxuhphqw huuru iru wzr uhdvrqv1 Iluvw/ wkh jds ehwzhhq JPP dqg PO hvwlpdwruv ri /s zdv irxqg wr eh
odujhu lq wkh iruphu fdvh wkdq lq wkh odwwhu fdvh1 Vhfrqg/ lw lv pxfk pruh frqyhqlhqw wr vshfli| d GJS zlwk
dgglwlrqdo odjv= Odjv duh uhdglo| lqwurgxfhg lq wkh dvvxphg GJS/ zkloh d sodxvleoh phdvxuhphqw huuru zrxog
eh pxfk pruh gl!fxow wr ghvljq1
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ihhgedfn +Vhfwlrq 6,/ zh rewdlq wkh udqnlqj ��u ? �C��� ? �C��21 Wkh glvfuhsdqf|
ehwzhhq ��u dqg �C��2 lv dv kljk dv 3148/ vxjjhvwlqj wkdw wkh jds irxqg rq XV gdwd pd|
zhoo eh gxh/ wr d juhdw h{whqw/ wr rplwwhg g|qdplfv1 Wkh idfw wkdw wkh wkuhh hvwlpdwruv duh
irxqg wr eh odujhu wkdq wkh wuxh ydoxh ri wkh sdudphwhu +$s @ 3=7, pd| eh h{sodlqhg e| wkh
ihhgedfn h�hfw ri wkh lq dwlrq udwh wrzdugv rxwsxw jds1 Wklv lv frqvlvwhqw zlwk Prqwh0Fduor
vlpxodwlrqv suhvhqwhg lq Vhfwlrq 71

Ilqdoo|/ lw vkrxog eh qrwlfhg wkdw rplwwhg g|qdplfv fdqqrw h{sodlqhg wkh zkroh glvfuhsdqf|
ehwzhhq JPP5 dqg PO hvwlpdwruv irxqg zlwk klvwrulfdo gdwd1 Wklv pd| eh h{sodlqhg e| d
qxpehu ri uhdvrqv1 Lq sduwlfxodu/ wkhuh pd| eh/ lq dgglwlrq/ d phdvxuhphqw huuru lq wkh
iruflqj yduldeoh/ zklfk zrxog h{dfhuedwh wkh glvfuhsdqf|1 Dovr/ ghsduwxuh iurp llgqhvv dqg2ru
qrupdolw| pd| sduwo| �oo wkh xqh{sodlqhg jds1

9 Frqfoxvlrq

Wklv sdshu kdv dqdo|}hg wkh surshuwlhv ri JPP dqg PO hvwlpdwruv lq k|eulg prghov1 Rxu
prwlydwlrq zdv wkh jds ehwzhhq wkh odujh ghjuhh ri iruzdug0orrnlqj ehkdylru w|slfdoo| irxqg
zkhq lpsohphqwlqj JPP dqg wkh orz ghjuhh ri iruzdug0orrnlqjqhvv rewdlqhg e| PO1 Rxu
�qglqjv fdq eh vxppdul}hg dv iroorzv1 Iluvw/ �qlwh0vdpsoh eldvhv duh qrw deoh wr �oo wkh jds
ehwzhhq hpslulfdo hvwlpdwhv1 Wkh JPP eldv lv vpdoo xqohvv d odujh qxpehu ri uhgxqgdqw
yduldeohv duh xvhg1 Ixuwkhupruh/ wkh eldv lv wrzdugv wkh Solp ri wkh ROV zklfk lv w|slfdoo|
forvh wr 318/ dqg wkh hvwlpdwru lv eldvhg wrzdugv d orzhu ydoxh wkdq wkh PO hvwlpdwru lq �qlwh
vdpsoh1

Vhfrqg/ sodxvleoh plv0vshfl�fdwlrqv fdq surgxfh vxevwdqwldo gl�huhqfhv ehwzhhq wkh wzr
hvwlpdwruv1 Lq sduwlfxodu/ lq fdvh ri phdvxuhphqw huuru/ JPP fdq eh prghudwho| eldvhg
wrzdugv 41 Dqdo|wlfdo uhvxowv hvwdeolvk wkdw/ lq d vlpsoh prgho zlwk d vwurqjo| h{rjhqrxv
iruflqj yduldeoh/ dv|pswrwlf JPP dqg PO eldvhv ri wkh ghjuhh ri iruzdug0orrnlqjqhvv duh lq
rssrvlwh gluhfwlrqv zlwk uhvshfw wr wkh wuxh ydoxh ri wkh sdudphwhu1

Lq fdvh ri rplwwhg g|qdplf/ wkh JPP hvwlpdwru lv olnho| wr eh vhyhuho| eldvhg wrzdugv
yhu| odujh ydoxhv lq fdvh ri d odujh iruzdug0orrnlqj frpsrqhqwv1 Lq pdq| sodxvleoh fdvhv/
eldvhv ri JPP dqg PO srlqw wr rssrvlwh gluhfwlrqv1 Zkloh wklv odwwhu surshuw| grhv qrw
fduu| rq qhfhvvdulo| wr pruh hoderudwh prghov zlwk ihhgedfn/ zh vwloo �qg/ lq wkh fdvh ri plv0
vshfl�fdwlrq lq prghov zlwk ihhgedfn/ wkdw JPP lv jhqhudoo| pruh zlgho| eldvhg wkdq PO lq
d zd| wkdw lv olnho| wr �oo wkh jds ehwzhhq hpslulfdo hvwlpdwhv1

Uhvxowv lq wkh suhvhqw sdshu srlqw wr rqh fulwlfdo vrxufh ri wkh glvfuhsdqf| lq hvwlpdwruv
ri d k|eulg htxdwlrq= Wkdw d uhohydqw iruflqj yduldeoh lv rplwwhg iurp wkh hvwlpdwhg htxdwlrq
exw lqfoxghg lq wkh JPP lqvwuxphqw vhw1 Vxfk dq lqvwdqfh/ udwkhu olnho| li d odujh qxpehu ri
lqvwuxphqwv lv xvhg/ zloo fdxvh wkh ohdg ri wkh ghshqghqw yduldeoh wr fdswxuh wkh h�hfw ri wkh
rplwwhg yduldeoh/ dqg lwv sdudphwhu wr eh ryhu0hvwlpdwhg1 Lq wkh w|sh ri vhw0xs dqdo|}hg khuh/
plv0vshfl�fdwlrq ri wkh htxdwlrq ri lqwhuhvw lv w|slfdoo| irxqg wr eh pruh kdupixo wr wkh JPP
hvwlpdwru wkdq wr wkh PO hvwlpdwru1 Wklv �qglqj wr vrph h{whqw edodqfhv wkh zhoo0nqrzq
idfw wkdw lq udwlrqdo0h{shfwdwlrq prghov/ PO pd|/ xqolnh JPP/ vx�hu iurp plv0vshfl�fdwlrq
ri wkh dx{loldu| prgho1

Rxu wkhruhwlfdo uhvxowv duh xvhg wr udwlrqdol}h gl�huhqfhv lq hvwlpdwhv ri wkh k|eulg Skloolsv
fxuyh irxqg lq wkh olwhudwxuh1 Vpdoo plv0vshfl�fdwlrq +vxfk dv rplwwlqj rqh uhohydqw odj/ hyhq
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zlwk d prghvw sdudphwhu ydoxh/ lq wkh lq dwlrq g|qdplfv, wxuqv rxw wr lpso| vxevwdqwldo
ryhu0hvwlpdwlrq ri wkh ghjuhh ri iruzdug0orrnlqjqhvv irxqg e| wkh JPP hvwlpdwru1 Wkh PO
dsshduv wr eh pxfk ohvv vhyhuho| eldvhg lq wklv frqwh{w1

Uhvxowv lq wklv sdshu pd| eh h{whqghg lq vhyhudo gluhfwlrqv1 Iluvw/ wkh| vxjjhvw wkdw d whvw
iru plv0vshfl�fdwlrq lq wkh k|eulg prgho pd| eh edvhg rq wkh gl�huhqfh ehwzhhq PO dqg
JPP5 hvwlpdwhv/ vlqfh wkh wzr hvwlpdwruv duh w|slfdoo| eldvhg lq rssrvlwh gluhfwlrqv zlwk
uhvshfw wr wkh wuxh ydoxh ri wkh iruzdug0orrnlqj sdudphwhu1 Vhfrqg/ ixwxuh uhvhdufk frxog
lqyhvwljdwh zkhwkhu wkh prwlydwlrq iru glvfuhsdqf| lq hvwlpdwruv rxwolqhg khuh lv dovr uhohydqw
lq rwkhu hpslulfdo dssolfdwlrqv1
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Dsshqglfhv

Dsshqgl{ 4= Prphqwv dqg furvv0prphqwv lq wkh prgho zlwk d vlqjoh odj

Wklv Dsshqgl{ uhsruwv vhyhudo prphqw dqg furvv0prphqw frh!flhqwv lpsolhg e| wkh GJS
+5,/ +6,/ dqg +;,1 Wkhvh uhvxowv duh xvhixo wr frpsxwh wkh prphqw frqglwlrqv1 Prphqwv ri ]|

dqg furvv0prphqwv zlwk \| duh=
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Dsshqgl{ 5= Prphqwv dqg furvv0prphqwv lq wkh prgho zlwk wzr odjv

Prphqwv ri ]| duh wkh vdph dv lq Dsshqgl{ 4/ zkloh furvv0prphqwv zlwk \| duh=
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Uhihuhqfhv

^4` Dpdwr/ M1 G1/ dqg W1 Odxedfk +5336,/ Uxoh0ri0Wkxpe Ehkdylrxu dqg Prqhwdu| Srolf|/
iruwkfrplqj lq Hxurshdq Hfrqrplf Uhylhz1

^5` Dqghuvrq/ J1 D1/ dqg J1 U1 Prruh +4<;8,/ D Olqhdu Dojheudlf Surfhgxuh iru Vroylqj
Shuihfw Iruhvljkw Prghov/ Hfrqrplfv Ohwwhuv/ 4:/ 57:�5851

^6` Eodqfkdug/ R1 M1/ dqg F1 P1 Ndkq +4<;3,/ Wkh Vroxwlrq ri Olqhdu Gl�huhqfh Prghov xqghu
Udwlrqdo H{shfwdwlrqv/ Hfrqrphwulfd/ 7;+8,/ 4638�46441

^7` Fdoyr/ J1 +4<;6,/ Vwdjjhuhg Sulfhv lq d Xwlolw|0Pd{lpl}lqj Iudphzrun/ Mrxuqdo ri Prq0
hwdu| Hfrqrplfv/ 45+6,/ 6;6�6<;1

^8` Fkdgkd/ E1/ S1 Pdvvrq/ dqg P1 Phuhglwk +4<<5,/ Prghov ri Lq dwlrq dqg wkh Frvw ri
Glvlq dwlrq/ LPI Vwd� Sdshu/ 6<+5,/ 6<8�7641

^9` Fkulvwldqr/ O1 M1/ P1 Hlfkhqedxp/ dqg F1 Hydqv +5334,/ Qrplqdo Uljlglwlhv dqg wkh
G|qdplf H�hfwv ri d Vkrfn wr Prqhwdu| Srolf|/ Ihghudo Uhvhuyh Edqn ri Fohyhodqg
Zrunlqj Sdshu 3403:1

^:` Frhqhq/ J1/ dqg Y1 Zlhodqg +5333,/ D Vpdoo Hvwlpdwhg Hxur Duhd Prgho zlwk Udwlrqdo
H{shfwdwlrqv dqg Qrplqdo Uljlglwlhv/ HFE Zrunlqj Sdshu 631

^;` Hydqv/ J1 Z1/ dqg V1 Krqndsrkmd +4<<;,/ Hfrqrplf G|qdplfv zlwk Ohduqlqj= Qhz
Vwdelolw| Uhvxowv/ Uhylhz ri Hfrqrplf Vwxglhv/ 98+4,/ 56�771

^<` Ixkuhu/ M1 F1 +4<<:,/ Wkh +Xq,lpsruwdqfh ri Iruzdug Orrnlqj Ehkdylru lq Sulfh Vshfl�0
fdwlrqv/ Mrxuqdo ri Prqh|/ Fuhglw/ dqg Edqnlqj/ 5<+6,/ 66;�6831

^43` Ixkuhu/ M1 F1 +5333,/ Kdelw Irupdwlrq lq Frqvxpswlrq dqg Lwv Lpsolfdwlrqv iru Prqhwdu|0
Srolf| Prghov/ Dphulfdq Hfrqrplf Uhylhz/ <3+6,/ 69:�6<31

^44` Ixkuhu/ M1 F1/ dqg J1 U1 Prruh +4<<8,/ Lq dwlrq Shuvlvwhqfh/ Txduwhuo| Mrxuqdo ri Hfr0
qrplfv/ 443+4,/ 45:�4931

^45` Ixkuhu/ M1 F1/ J1 U1 Prruh/ dqg V1 G1 Vfkxk +4<<8,/ Hvwlpdwlqj wkh Olqhdu Txdgudwlf
Lqyhqwru| Prgho1 Pd{lpxp Olnholkrrg yhuvxv Jhqhudol}hg Phwkrg ri Prphqwv/ Mrxuqdo
ri Prqhwdu| Hfrqrplfv/ 68+4,/ 448�48:1

^46` Ixkuhu/ M1 F1/ dqg J1 G1 Uxghexvfk +5335,/ Hvwlpdwlqj wkh Hxohu Htxdwlrq iru Rxwsxw/
Ihghudo Uhvhuyh Edqn ri Ervwrq Zrunlqj Sdshu 35061

^47` Jdoð/ M1/ dqg P1 Jhuwohu +4<<<,/ Lq dwlrq G|qdplfv= D Vwuxfwxudo Hfrqrphwulf Dqdo|vlv/
Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 77+5,/ 4<8�5551

^48` Jdoð/ M1/ P1 Jhuwohu/ dqg M1 G1 Oösh}0Vdolgr +5334,/ Qrwhv rq Hvwlpdwlqj wkh Forvhg Irup
ri wkh K|eulg Qhz Skloolsv Fxuyh/ Zrunlqj Sdshu1

^49` Jxhuulhul/ O1 +5334,/ Lq dwlrq G|qdplfv/ Erdug ri Jryhuqruv ri wkh Ihghudo Uhvhuyh
V|vwhp/ Lqwhuqdwlrqdo Ilqdqfh Glvfxvvlrq Sdshu :481
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^4:` Kdoo/ D1 U1/ dqg D1 Lqrxh +5336,/ Wkh Odujh Vdpsoh Ehkdylrxu ri wkh Jhqhudol}hg Phwkrg
ri Prphqwv Hvwlpdwru lq Plvvshfl�hg Prghov/ Mrxuqdo ri Hfrqrphwulfv/ 447+5,/ 694�6<71

^4;` Kdoo/ D1 U1/ J1 G1 Uxghexvfk/ dqg G1 Z1 Zlofr{ +4<<9,/ Mxgjlqj Lqvwuxphqw Uhohydqfh
lq Lqvwuxphqwdo Yduldeohv Hvwlpdwlrq/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 6:+5,/ 5;6�5<;1

^4<` Kdplowrq/ M1 G1 +4<<7,/ Wlph0Vhulhv Dqdo|vlv/ Sulqfhwrq Xqlyhuvlw| Suhvv1

^53` Kdqvhq/ O1 S1/ M1 Khdwrq/ dqg D1 \durq +4<<9,/ Ilqlwh0Vdpsoh Surshuwlhv ri Vrph Dowhu0
qdwlyh JPP Hvwlpdwruv/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 47+6,/ 595�5;31

^54` Mrqghdx/ H1/ dqg K1 Oh Elkdq +5334,/ Whvwlqj iru wkh Qhz Nh|qhvldq Skloolsv Fxuyh1
Dgglwlrqdo Hylghqfh iurp Hxurshdq Gdwd/ Edqtxh gh Iudqfh Zrunlqj Sdshu ;91

^55` Mrqghdx/ H1/ K1 Oh Elkdq/ dqg F1 Jdooëv +5336,/ Dvvhvvlqj Jhqhudol}hg Phwkrg ri Pr0
phqwv Hvwlpdwhv ri wkh Ihghudo Uhvhuyh Uhdfwlrq Ixqfwlrq/ Edqtxh gh Iudqfh Zrunlqj
Sdshu ;6/ iruwkfrplqj lq Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv1

^56` Nlqdo/ W1 Z1 +4<;3,/ Wkh H{lvwhqfh ri Prphqwv ri n0Fodvv Hvwlpdwruv/ Hfrqrphwulfd/
7;+4,/ 574�57<1

^57` Nohlq/ S1 +5333,/ Xvlqj wkh Jhqhudol}hg Vfkxu Irup wr Vroyh d Pxowlyduldwh Olqhdu Udwlr0
qdo H{shfwdwlrqv Prgho/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 57+43,/ 4738�47561

^58` Nr}lfnl/ V1/ dqg S1 D1 Wlqvoh| +5335,/ Dowhuqdwlyh Vrxufhv ri wkh Odj G|qdplfv ri Lq d0
wlrq/ Ihghudo Uhvhuyh Edqn ri Ndqvdv Flw| Zrunlqj Sdshu 350451

^59` Nxupdqq/ D1 +5335,/ Pd{lpxp Olnholkrrg Hvwlpdwlrq ri G|qdplf Vwrfkdvwlf Wkhrulhv
zlwk dq Dssolfdwlrq wr Qhz Nh|qhvldq Sulflqj/ Xqlyhuvlwì gx Txìehf ã Prqwuìdo/ Zrun0
lqj Sdshu1

^5:` Olqgì/ M1 +5334,/ Hvwlpdwlqj Qhz0Nh|qhvldq Skloolsv Fxuyhv= D Ixoo Lqirupdwlrq Pd{l0
pxp Olnholkrrg Dssurdfk/ Vyhuljhv Ulnvedqn Zrunlqj Sdshu 45<1

^5;` Pd/ D1 +5335,/ JPP Hvwlpdwlrq ri wkh Qhz Skloolsv Fxuyh/ Hfrqrplfv Ohwwhuv/ :9+6,/
744�74:1

^5<` PfFdooxp/ E1 W1 +4<;6,/ Rq Qrq0Xqltxhqhvv lq Udwlrqdo H{shfwdwlrqv Prghov1 Dq Dw0
whpsw dw Shuvshfwlyh/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 44+4,/ 46<�49;1

^63` Pdyurhlglv/ V1 +5334,/ Lghqwl�fdwlrq dqg Plv0Vshfl�fdwlrq Lvvxhv lq Iruzdug0Orrnlqj
Prqhwdu| Prghov/ Qx!hog Froohjh/ Zrunlqj Sdshu1

^64` Qhlvv/ N1 V1/ dqg H1 Qhovrq +5335,/ Lq dwlrq G|qdplfv/ Pdujlqdo Frvw/ dqg wkh Rxwsxw
Jds= Hylghqfh iurp Wkuhh Frxqwulhv/ Edqn ri Hqjodqg Zrunlqj Sdshu1

^65` Qhovrq/ F1 U1/ dqg U1 Vwduw} +4<<3,/ Vrph Ixuwkhu Uhvxowv rq wkh H{dfw Vpdoo Vdpsoh
Surshuwlhv ri wkh Lqvwuxphqwdo Yduldeoh Hvwlpdwru/ Hfrqrphwulfd/ 8;+7,/ <9:�<:91

^66` Qhzh|/ Z1 N1/ dqg N1 G1 Zhvw +4<;:,/ D Vlpsoh/ Srvlwlyh Gh�qlwh/ Khwhurvfhgdvwlflw|
dqg Dxwrfruuhodwlrq Frqvlvwhqw Fryduldqfh Pdwul{/ Hfrqrphwulfd/ 88+6,/ :36�:3;1
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^67` Rolqhu/ V1 G1/ J1 G1 Uxghexvfk/ dqg G1 Vlfkho +4<<9,/ Wkh Oxfdv Fulwltxh Uhylvlwhg=
Dvvhvvlqj wkh Vwdelolw| ri Hpslulfdo Hxohu Htxdwlrqv iru Lqyhvwphqw/ Mrxuqdo ri Hfrqr0
phwulfv/ :3+4,/ 5<4�6491

^68` Rwurn/ F1/ E1 Udylnxpdu/ dqg F1 K1 Zklwhpdq +5335,/ Kdelw Irupdwlrq= D Uhvroxwlrq
ri wkh Htxlw| Suhplxp Sx}}ohB/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 7<+9,/ 4594�45;;1

^69` Urehuwv/ M1 P1 +5334,/ Krz Zhoo Grhv wkh Qhz Nh|qhvldq Vwlfn|0Sulfh Prgho Ilw wkh
GdwdB/ Erdug ri Jryhuqruv ri wkh Ihghudo Uhvhuyh V|vwhp/ Ilqdqfh dqg Hfrqrplfv Glv0
fxvvlrq Sdshu 53340461

^6:` Urwhpehuj/ M1 +4<;5,/ Prqrsrolvwlf Sulfh Dgmxvwphqw dqg Djjuhjdwh Rxwsxw/ Uhylhz ri
Hfrqrplf Vwxglhv/ 7<+7,/ 84:�8641

^6;` Urwhpehuj/ M1/ dqg P1 Zrrgirug +4<<:,/ Dq Rswlpl}dwlrq0Edvhg Hfrqrphwulf Iudph0
zrun iru wkh Hyroxwlrq ri Prqhwdu| Srolf|/ lq QEHU Pdfurhfrqrplf Dqqxdo 4<<:/ 5<:�
679/ PLW Suhvv1

^6<` Urwhpehuj/ M1/ dqg P1 Zrrgirug +4<<<,/ Wkh F|folfdo Ehkdylru ri Sulfhv dqg Frvwv/ lq
M1 E1 Wd|oru dqg P1 Zrrgirug +hgv,/ Kdqgerrn ri Pdfurhfrqrplfv/ yro1 4/ fkdswhu 49/
4384�4468/ Dpvwhugdp= Qruwk0Kroodqg 1

^73` Uxgg/ M1/ dqg N1 Zkhodq +5334,/ Qhz Whvwv ri wkh Qhz0Nh|qhvldq Skloolsv Fxuyh/ Erdug
ri Jryhuqruv ri wkh Ihghudo Uhvhuyh V|vwhp/ Ilqdqfh dqg Hfrqrplfv Glvfxvvlrq Sdshu
53340631

^74` Uxghexvfk/ J1 G1 +5335,/ Whup Vwuxfwxuh Hylghqfh rq Lqwhuhvw Udwh Vprrwklqj dqg
Prqhwdu| Srolf| Lqhuwld/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 7<+9,/ 4494�44;:1

^75` Vdujhqw/ W1 M1 +4<:<,/ D Qrwh rq Pd{lpxp Olnholkrrg Hvwlpdwlrq ri wkh Udwlrqdo H{0
shfwdwlrqv Prgho ri wkh Whup Vwuxfwxuh/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 8+4,/ 466�4761

^76` Vdzd/ W1 +4<:;,/ Wkh H{dfw Prphqw ri wkh Ohdvw Vtxduh Hvwlpdwru iru wkh Dxwruhjuhvvlyh
Prgho/ Mrxuqdo ri Hfrqrphwulfv/ ;+5,/ 48<�4:51

^77` Verugrqh/ D1 P1 +5335,/ Sulfhv dqg Xqlw Oderu Frvw= D Qhz Whvw ri Sulfh Vwlfnlqhvv/
Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 7<+5,/ 598�5<51

^78` Vùghuolqg/ S1 +4<<<,/ Vroxwlrq dqg Hvwlpdwlrq ri UH Pdfurprghov zlwk Rswlpdo Srolf|/
Hxurshdq Hfrqrplf Uhylhz/ 76+709,/ ;46�;561

^79` Vwdljhu/ G1/ dqg M1 K1 Vwrfn +4<<:,/ Lqvwuxphqwdo Yduldeohv Uhjuhvvlrq zlwk Zhdn Lqvwux0
phqwv/ Hfrqrphwulfd/ 98+6,/ 88:�8;91

^7:` Wd|oru/ M1 E1 +4<;3,/ Djjuhjdwh G|qdplfv dqg Vwdjjhuhg Frqwudfwv/ Mrxuqdo ri Srolwlfdo
Hfrqrp|/ ;;+4,/ 4�561

^7;` Zhvw/ N1 G1 +4<<:,/ Dqrwkhu Khwhurvnhgdvwlflw|0 dqg Dxwrfruuhodwlrq0Frqvlvwhqw Frydul0
dqfh Pdwul{ Hvwlpdwru/ Mrxuqdo ri Hfrqrphwulfv/ :9+405,/ 4:4�4<41
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Fdswlrqv

Wdeoh 4= Wklv wdeoh uhsruwv vxppdu| vwdwlvwlfv rq wkh �qlwh0vdpsoh glvwulexwlrq ri wkh hv0
wlpdwruv ri wkh prgho zlwk d vlqjoh odj1 Sdudphwhu vhwv duh $s @ i3=88> 3=:8> 3=<8j/ � @

i3=4> 3=8> 3=<j/ � @ i3=4> 4j/ dqg �0 @ �� @ 41 Wkh phgldq dqg wkh PDG ri wkh hvwlpdwru
glvwulexwlrq duh frpsxwhg ryhu 5333 vdpsohv ri vl}h W @ 433= Hvwlpdwlrq phwkrgv duh JPP
+zlwk O @ 3 dqg : odjv ri Z| @ i\|3�> ]|j dv lqvwuxphqw vhwv, dqg PO1 Wkh Solp ri wkh ROV
hvwlpdwru lv dovr frpsxwhg/ zlwk d vdpsoh ri 433> 333 revhuydwlrqv1

Wdeoh 5= Wklv wdeoh uhsruwv wkh Solp ri JPP dqg PO hvwlpdwruv lq wkh fdvh ri phdvxuhphqw
huuru1 Sdudphwhu vhwv duh $s @ i3=88> 3=:8> 3=<8j/ � @ i3=4> 3=8> 3=<j/ � @ i3=4> 3=8> 3=<j/
� @ i3=4> 4j/ d @ 4/ dqg �0 @ �� @ 41 Wkh Solpv duh frpsxwhg xvlqj Sursrvlwlrq 41 Erxqgv
iru wkh Solpv ri hvwlpdwruv ri �s duh rewdlqhg iru $s @ i3=8> 4j/ � @ i3> 4j/ dqg � @ �0 @ 31

Wdeoh 6= Wklv wdeoh uhsruwv wkh Solp ri JPP dqg PO hvwlpdwruv lq wkh fdvh ri rplwwhg
g|qdplfv1 Vhyhudo sdluv ri

�
$s > $

�
K

�
duh vhohfwhg/ dv glvsod|hg lq Iljxuh 41 Rwkhu sdudphwhu

vhwv duh � @ i3> 3=8> 3=<j/ � @ i3=4> 4j/ �0 @ �� @ 41 Wkh Solpv duh frpsxwhg xvlqj Sursrvlwlrq
51 Erxqgv iru wkh Solpv ri hvwlpdwruv ri �s duh rewdlqhg iru

�
$s >$

�
K

�
@ iD>E>Fj/ � @ i3> 4j/

dqg �0 @ 31

Wdeoh 7= Wklv wdeoh uhsruwv vxppdu| vwdwlvwlfv rq wkh �qlwh0vdpsoh glvwulexwlrq ri wkh hv0
wlpdwruv lq wkh ihhgedfn prgho zlwk d vlqjoh odj1 Wkh edvholqh sdudphwhu vhw lv jlyhq e|
$s @ 3=58/ � @ 3=:8/ � @ i3=4> 4j/ � @ i�3=8>�3=4j/ dqg �0 @ �� @ 41 Rwkhu ydoxhv frq0
vlghuhg duh $s @ i3=8> 3=:8j/ dqg � @ i3=8> 3=<j1 Wkh phgldq dqg wkh PDG ri wkh sdudphwhu
glvwulexwlrq duh frpsxwhg ryhu 5333 vdpsohv ri vl}h W @ 433= Hvwlpdwlrq phwkrgv duh JPP
+zlwk O @ 3 dqg : odjv ri Z| @ i\|3�> ]|j dv lqvwuxphqw vhwv, dqg PO1 Wkh Solp ri wkh ROV
hvwlpdwru lv dovr frpsxwhg/ zlwk d vdpsoh ri 433> 333 revhuydwlrqv1

Wdeoh 8= Wklv wdeoh uhsruwv wkh Solp ri JPP dqg PO hvwlpdwruv lq wkh ihhgedfn prgho
zlwk phdvxuhphqw huuru1 Wkh edvholqh sdudphwhu vhw lv jlyhq e|= $s @ 3=58/ � @ 3=:8/
� @ i3=4> 4j/ � @ i�3=8>�3=4j/ � @ i3=4> 3=8> 3=<j/ dqg�0 @ �� @ 41 Rwkhu ydoxhv frqvlghuhg
duh $s @ i3=8> 3=:8j/ dqg � @ i3=8> 3=<j1 Wkh Solpv duh frpsxwhg zlwk d vdpsoh ri 58> 333
revhuydwlrqv1

Wdeoh 9= Wklv wdeoh uhsruwv wkh Solp ri JPP dqg PO hvwlpdwruv lq wkh ihhgedfn prgho
zlwk rplwwhg g|qdplfv1 Wkh edvholqh sdudphwhu vhw lv jlyhq e|= $s @ 3=66/ $�

K @ 3=66/ � @

i3=8> 3=:8> 3=<j/ � @ i3=4> 4j/ dqg � @ i�3=8>�3=4j/ dqg�0 @ �� @ 41 Rwkhu ydoxhv frq0
vlghuhg duh $s @ i3=58> 3=83> 3=98> 3=:8j1 Wkh Solpv duh frpsxwhg zlwk d vdpsoh ri 58> 333
revhuydwlrqv1

Wdeoh := Wklv wdeoh uhsruwv JPP dqg PO hvwlpdwhv ri wkh k|eulg Skloolsv fxuyh zlwk d
vlqjoh odj ryhu wkh shulrg 4<93=L05333=LY1 Wkh lqvwuxphqw vhwv duh i\|3�> ]|3�> ]|32> ]|3�j
iru JPP4 dqg i\|3�> \|32> \|3�> ]|3�> ]|32> ]|3�j iru JPP51 M0vwdw ghqrwhv wkh Kdqvhq*v
vwdwlvwlf iru wkh whvw ri ryhu0lghqwli|lqj uhvwulfwlrqv/ oqO lv wkh vdpsoh orj0olnholkrrg dqg vhh lv
wkh vwdqgdug huuru ri hvwlpdwhv1 T +7, lv wkh Omxqj0Er{ vwdwlvwlf iru wkh whvw wkdw wkh �uvw 7
vhuldo fruuhodwlrqv ri uhvlgxdov duh mrlqwo| }hur1 U +4, lv wkh Hqjoh vwdwlvwlf iru wkh whvw wkdw wkh
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�uvw vhuldo fruuhodwlrq ri vtxduhg uhvlgxdov lv }hur1 M0E lv wkh Mdutxh0Ehud whvw vwdwlvwlf iru wkh
qxoo ri qrupdolw|1

Wdeoh ;= Wklv wdeoh uhsruwv PO hvwlpdwhv ri wkh k|eulg Skloolsv fxuyh zlwk wkuhh odjv ryhu
wkh shulrg 4<93=L05333=LY1 oqO lv wkh vdpsoh orj0olnholkrrg dqg vhh lv wkh vwdqgdug huuru ri
hvwlpdwhv1 T +7, lv wkh Omxqj0Er{ vwdwlvwlf iru wkh whvw wkdw wkh �uvw 7 vhuldo fruuhodwlrqv ri
uhvlgxdov duh mrlqwo| }hur1 U +4, lv wkh Hqjoh vwdwlvwlf iru wkh whvw wkdw wkh �uvw vhuldo fruuhodwlrq
ri vtxduhg uhvlgxdov lv }hur1 M0E lv wkh Mdutxh0Ehud whvw vwdwlvwlf iru wkh qxoo ri qrupdolw|1

Wdeoh <= Wklv wdeoh uhsruwv vxppdu| vwdwlvwlfv rq wkh �qlwh0vdpsoh glvwulexwlrq ri wkh JPP
dqg PO hvwlpdwruv ri wkh prgho zlwk d vlqjoh odj zkhq wkh GJS lv lq idfw d k|eulg prgho
zlwk wkuhh odjv1 Wkh GJS fruuhvsrqgv wr wkh prgho +5<, dqg +63, zlwk sdudphwhuv uhsruwhg lq
Wdeoh ;1 Wkh �qlwh0vdpsoh glvwulexwlrq lv rewdlqhg xvlqj Prqwh0Fduor vlpxodwlrqv zlwk 5333

vdpsohv ri vl}h W @ 4931 Wkh glvwulexwlrq lv vxppdul}hg xvlqj wkh phgldq dqg wkh PDG1

Iljxuh 4= Wklv �jxuh glvsod|v/ lq wkh sodqh
�
$s > $

�
K

�
/ wkh grpdlq ri ydolglw| ri wkh k|eulg

prgho zlwk wzr odjv1 Wkh vkdghg duhd fruuhvsrqgv wr wkh grpdlq ri vwdwlrqdulw| ri dq DU+5,
surfhvv1 Wkh duhd DEF fruuhvsrqgv wr wkh dgglwlrqdo frqvwudlqw wkdw $s � 41 Wkh duh GHI
fruuhvsrqgv wr wkh grpdlq zkhuh 3 � $s > $

�
K > $

2
K � 4= Wkh vl{ srlqwv lq wkh �jxuh duh wkh sdluv�

$s > $
�
K

�
vhohfwhg iru Wdeoh 61 Odvw/ zh ghqrwh $ @

�
$s > $

�
K > $

2
K

�
dqg * @ i*�> *2j1

Iljxuh 5= Wklv �jxuh glvsod|v/ lq wkh sodqh
�
$s > $

�
K

�
/ wkh duhdv fruuhvsrqglqj wr wkh gl�huhqw

udqnlqjv ehwzhhq Solpv ri JPP dqg PO hvwlpdwruv/ dv uhsruwhg lq Fruroodu| 51
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Table 1: Finite-sample properties of estimators in the model with a single lag

Statistic

ω f ρ ω f β ω f β ω f β ω f β ω f β ω f β ω f β ω f β
0.55 0.1 median 0.55 0.10 0.52 0.10 0.55 0.10 0.50 0.11 0.54 1.01 0.42 1.24 0.55 1.00 0.34 1.36

MAD 0.06 0.08 0.06 0.09 0.02 0.05 0.08 0.18 0.07 0.20 0.01 0.12

0.55 0.5 median 0.55 0.10 0.52 0.12 0.55 0.10 0.49 0.12 0.54 1.05 0.47 1.32 0.55 1.01 0.32 1.88
MAD 0.06 0.05 0.06 0.07 0.01 0.03 0.06 0.28 0.06 0.34 0.00 0.18

0.55 0.9 median 0.55 0.11 0.53 0.14 0.55 0.11 0.47 0.19 0.55 1.15 0.53 1.38 0.55 1.11 0.46 2.02
MAD 0.03 0.06 0.03 0.07 0.00 0.04 0.03 0.58 0.03 0.72 0.00 0.47

0.75 0.1 median 0.75 0.11 0.68 0.11 0.75 0.10 0.50 0.12 0.75 1.01 0.65 1.05 0.75 1.00 0.43 1.17
MAD 0.09 0.10 0.08 0.12 0.06 0.07 0.08 0.15 0.07 0.16 0.03 0.14

0.75 0.5 median 0.75 0.10 0.68 0.11 0.75 0.10 0.50 0.12 0.74 1.01 0.66 1.08 0.75 1.01 0.44 1.25
MAD 0.09 0.07 0.08 0.08 0.05 0.04 0.07 0.18 0.06 0.22 0.02 0.18

0.75 0.9 median 0.74 0.11 0.68 0.12 0.75 0.11 0.49 0.13 0.75 1.07 0.69 1.16 0.75 1.07 0.48 1.33
MAD 0.06 0.05 0.06 0.06 0.03 0.05 0.05 0.44 0.05 0.53 0.00 0.44

0.95 0.1 median 0.95 0.09 0.83 0.10 0.95 0.10 0.50 0.11 0.94 1.00 0.82 1.01 0.95 1.00 0.49 1.03
MAD 0.13 0.13 0.12 0.14 0.09 0.09 0.11 0.17 0.10 0.19 0.06 0.16

0.95 0.5 median 0.95 0.10 0.83 0.10 0.96 0.10 0.50 0.11 0.94 1.02 0.82 1.03 0.95 1.02 0.49 1.04
MAD 0.13 0.08 0.11 0.10 0.09 0.05 0.10 0.19 0.09 0.21 0.04 0.18

0.95 0.9 median 0.94 0.11 0.83 0.11 0.95 0.11 0.50 0.10 0.94 1.09 0.83 1.10 0.95 1.10 0.50 1.06
MAD 0.12 0.05 0.10 0.06 0.06 0.05 0.09 0.45 0.08 0.50 0.01 0.44

GMM (L =7) ML Plim OLS

Panel A: β =0.1 Panel B: β =1

Plim OLS GMM (L =0)

Struct. parameters

GMM (L =0) GMM (L =7) ML



Table 2: Plim of estimators in the case of measurement error

ω f ρ τ α f b α f b α f b α f b α f b α f b
0.55 0.10 0.10 0.55 0.01 0.56 0.01 0.55 0.01 0.52 0.10 0.84 0.05 0.55 0.11
0.55 0.10 0.50 0.55 0.05 0.56 0.05 0.55 0.05 0.54 0.51 0.76 0.31 0.55 0.52
0.55 0.10 0.90 0.55 0.09 0.55 0.09 0.55 0.09 0.55 0.90 0.61 0.80 0.55 0.91

0.55 0.50 0.10 0.54 0.01 0.58 0.01 0.55 0.02 0.41 0.15 0.70 0.04 0.52 0.17
0.55 0.50 0.50 0.54 0.05 0.57 0.05 0.55 0.07 0.49 0.62 0.66 0.29 0.53 0.69
0.55 0.50 0.90 0.55 0.09 0.55 0.09 0.55 0.10 0.54 0.94 0.58 0.79 0.55 0.97

0.55 0.90 0.10 0.40 0.03 0.57 0.01 0.51 0.04 0.37 0.30 0.57 0.07 0.50 0.37
0.55 0.90 0.50 0.50 0.08 0.56 0.04 0.52 0.16 0.50 0.79 0.57 0.42 0.52 1.51
0.55 0.90 0.90 0.54 0.10 0.55 0.09 0.54 0.15 0.54 0.97 0.55 0.87 0.54 1.47

0.75 0.10 0.10 0.75 0.01 0.75 0.01 0.75 0.01 0.72 0.10 0.87 0.09 0.73 0.11
0.75 0.10 0.50 0.75 0.05 0.75 0.05 0.75 0.05 0.73 0.50 0.82 0.48 0.74 0.52
0.75 0.10 0.90 0.75 0.09 0.75 0.09 0.75 0.09 0.75 0.90 0.76 0.89 0.75 0.91

0.75 0.50 0.10 0.74 0.01 0.76 0.01 0.74 0.02 0.57 0.11 0.83 0.09 0.61 0.13
0.75 0.50 0.50 0.74 0.05 0.75 0.05 0.74 0.07 0.65 0.54 0.80 0.48 0.66 0.58
0.75 0.50 0.90 0.75 0.09 0.75 0.09 0.75 0.10 0.73 0.91 0.76 0.89 0.73 0.94

0.75 0.90 0.10 0.57 0.01 0.76 0.01 0.53 0.02 0.45 0.14 0.77 0.10 0.52 0.14
0.75 0.90 0.50 0.66 0.06 0.76 0.05 0.57 0.09 0.60 0.59 0.76 0.49 0.54 0.69
0.75 0.90 0.90 0.73 0.09 0.75 0.09 0.67 0.12 0.72 0.93 0.75 0.90 0.65 1.07

0.95 0.10 0.10 0.95 0.01 0.95 0.01 0.95 0.01 0.91 0.10 0.97 0.10 0.91 0.10
0.95 0.10 0.50 0.95 0.05 0.95 0.05 0.95 0.05 0.93 0.50 0.96 0.50 0.93 0.51
0.95 0.10 0.90 0.95 0.09 0.95 0.09 0.95 0.09 0.95 0.90 0.95 0.90 0.95 0.90

0.95 0.50 0.10 0.94 0.01 0.95 0.01 0.93 0.02 0.72 0.10 0.97 0.10 0.70 0.11
0.95 0.50 0.50 0.94 0.05 0.95 0.05 0.94 0.07 0.82 0.51 0.96 0.50 0.78 0.54
0.95 0.50 0.90 0.95 0.09 0.95 0.09 0.95 0.10 0.93 0.90 0.95 0.90 0.91 0.92

0.95 0.90 0.10 0.74 0.01 0.95 0.01 0.57 0.02 0.55 0.10 0.95 0.10 0.53 0.11
0.95 0.90 0.50 0.84 0.05 0.95 0.05 0.62 0.09 0.73 0.51 0.95 0.50 0.56 0.53
0.95 0.90 0.90 0.93 0.09 0.95 0.09 0.80 0.12 0.91 0.90 0.95 0.90 0.73 0.93

Bounds
0.50 0.00 0.00 0.50 1.00 0.50
0.50 1.00 0.00 0.25 0.50 0.50
1.00 0.00 0.00 1.00 1.00 1.00
1.00 1.00 0.00 0.50 1.00 0.50

Structural parameters Panel A: β =0.1 Panel B: β =1

GMM1 GMM2 ML GMM1 GMM2 ML



Table 3: Plim of estimators in the case of omitted dynamics

ω f ω b
1 ω b

2 ϕ 1+ϕ 2 ρ α f b α f b α f b α f b α f b α f b
0.40 0.90 -0.30 0.75 0.00 0.31 0.13 0.53 0.05 0.54 0.13 0.31 1.35 0.53 0.53 0.54 1.35
0.40 0.90 -0.30 0.75 0.50 0.32 0.26 0.52 0.07 0.54 0.18 0.36 2.28 0.50 0.86 0.55 1.88
0.40 0.90 -0.30 0.75 0.90 0.42 0.33 0.51 0.20 0.58 0.20 0.42 3.24 0.51 1.97 0.59 2.07

0.60 0.25 0.15 0.92 0.00 0.71 0.09 0.86 0.07 0.53 0.09 0.71 0.88 0.86 0.71 0.53 0.88
0.60 0.25 0.15 0.92 0.50 0.67 0.06 0.81 0.01 0.53 0.08 0.61 0.77 0.67 0.56 0.52 0.78
0.60 0.25 0.15 0.92 0.90 0.54 0.07 0.55 0.06 0.52 0.07 0.54 0.71 0.55 0.62 0.52 0.71

0.60 0.75 -0.35 0.08 0.00 0.44 0.12 0.52 0.11 0.70 0.12 0.44 1.17 0.52 1.09 0.70 1.17
0.60 0.75 -0.35 0.08 0.50 0.46 0.15 0.53 0.14 0.71 0.12 0.50 1.47 0.56 1.40 0.76 1.33
0.60 0.75 -0.35 0.08 0.90 0.53 0.16 0.59 0.16 0.80 0.12 0.55 1.63 0.61 1.60 0.83 1.29

0.80 -0.30 0.50 0.88 0.00 1.60 0.08 2.17 0.06 0.60 0.08 1.60 0.75 2.17 0.57 0.60 0.75
0.80 -0.30 0.50 0.88 0.50 1.42 -0.03 1.99 -0.12 0.58 0.06 0.93 0.38 1.27 -0.12 0.54 0.54
0.80 -0.30 0.50 0.88 0.90 0.61 0.03 0.67 -0.01 0.52 0.04 0.60 0.37 0.63 0.11 0.52 0.44

0.80 0.10 0.10 0.38 0.00 0.89 0.10 0.89 0.10 0.78 0.10 0.89 0.97 0.89 0.97 0.78 0.97
0.80 0.10 0.10 0.38 0.50 0.88 0.09 0.88 0.09 0.77 0.10 0.83 0.91 0.83 0.90 0.74 0.91
0.80 0.10 0.10 0.38 0.90 0.79 0.08 0.79 0.08 0.72 0.09 0.78 0.86 0.78 0.86 0.72 0.86

0.80 0.50 -0.30 -0.13 0.00 0.62 0.11 0.63 0.11 0.85 0.11 0.62 1.06 0.63 1.05 0.85 1.06
0.80 0.50 -0.30 -0.13 0.50 0.63 0.12 0.64 0.12 0.86 0.10 0.68 1.21 0.70 1.21 0.93 1.16
0.80 0.50 -0.30 -0.13 0.90 0.71 0.13 0.73 0.13 0.98 0.11 0.74 1.30 0.76 1.30 1.02 1.21

Bounds
1.00 1.00 -1.00 -1.00 0.00 0.50 0.50 1.00
1.00 1.00 -1.00 -1.00 1.00 0.50 0.50 1.00
1.00 -1.00 1.00 1.00 0.00 infinite infinite 1.00
1.00 -1.00 1.00 1.00 1.00 0.50 infinite 0.50
0.33 1.00 -0.33 1.00 0.00 0.25 0.50 0.50
0.33 1.00 -0.33 1.00 1.00 0.25 0.50 0.50

Structural parameters

GMM1 GMM2 ML

Panel A: β =0.1 Panel B: β =1

GMM1 GMM2 ML



Table 4: Finite-sample properties of estimators in the model with feedback

Statistic

ω f ρ γ ω f β ω f β ω f β ω f β ω f β ω f β ω f β ω f β
0.25 0.50 -0.50 median 0.42 0.05 0.48 0.03 0.39 0.06 0.49 0.02 0.25 1.01 0.22 1.05 0.25 1.01 0.15 1.14

MAD 0.13 0.05 0.04 0.02 0.10 0.04 0.04 0.08 0.04 0.09 0.04 0.08

0.25 0.75 -0.50 median 0.40 0.05 0.46 0.03 0.34 0.08 0.49 0.02 0.25 1.00 0.23 1.04 0.25 1.00 0.17 1.14
MAD 0.11 0.04 0.04 0.02 0.09 0.03 0.03 0.07 0.03 0.08 0.03 0.07

0.25 0.90 -0.50 median 0.33 0.08 0.43 0.04 0.29 0.09 0.48 0.02 0.25 1.01 0.23 1.04 0.25 1.01 0.18 1.13
MAD 0.09 0.03 0.04 0.02 0.08 0.03 0.03 0.06 0.03 0.06 0.03 0.06

0.50 0.75 -0.50 median 0.49 0.11 0.47 0.12 0.50 0.11 0.43 0.14 0.49 1.02 0.44 1.07 0.50 1.01 0.29 1.12
MAD 0.06 0.04 0.04 0.04 0.05 0.03 0.04 0.08 0.04 0.08 0.03 0.08

0.75 0.75 -0.50 median 0.74 0.11 0.65 0.14 0.75 0.10 0.43 0.23 0.73 1.01 0.64 1.06 0.75 1.00 0.35 1.34
MAD 0.06 0.04 0.06 0.04 0.05 0.03 0.06 0.09 0.05 0.10 0.04 0.09

0.25 0.50 -0.10 median 0.47 0.04 0.49 0.03 0.43 0.05 0.50 0.03 0.25 1.00 0.26 1.00 0.25 1.01 0.26 0.99
MAD 0.12 0.05 0.03 0.03 0.07 0.04 0.05 0.12 0.05 0.12 0.05 0.12

0.25 0.75 -0.10 median 0.48 0.03 0.49 0.02 0.42 0.05 0.49 0.02 0.25 1.01 0.25 1.02 0.25 1.01 0.24 1.03
MAD 0.11 0.05 0.03 0.02 0.07 0.03 0.04 0.11 0.04 0.11 0.04 0.10

0.25 0.90 -0.10 median 0.45 0.03 0.49 0.01 0.38 0.06 0.49 0.01 0.25 1.00 0.25 1.02 0.25 1.00 0.23 1.05
MAD 0.11 0.04 0.03 0.02 0.07 0.03 0.03 0.08 0.03 0.08 0.03 0.08

0.50 0.75 -0.10 median 0.50 0.11 0.49 0.11 0.51 0.10 0.48 0.07 0.49 1.02 0.46 1.10 0.50 1.01 0.33 1.35
MAD 0.04 0.05 0.03 0.04 0.03 0.03 0.03 0.10 0.03 0.10 0.03 0.09

0.75 0.75 -0.10 median 0.74 0.10 0.67 0.12 0.76 0.10 0.49 0.16 0.73 1.02 0.66 1.07 0.75 1.02 0.44 1.20
MAD 0.06 0.04 0.05 0.04 0.04 0.02 0.04 0.12 0.04 0.13 0.03 0.11

GMM (L =7) ML Plim OLS

Structural parameters Panel A: β =0.1 Panel B: β =1

GMM (L =0) GMM (L =7) ML Plim OLS GMM (L =0)



Table 5: Plim of estimators in the feedback model with measurement error 

ω f ρ τ γ α f b α f b α f b α f b α f b α f b
0.25 0.75 0.10 -0.50 0.47 0.00 0.52 0.00 0.54 0.01 0.44 0.07 0.61 0.04 0.66 0.07
0.25 0.75 0.50 -0.50 0.42 0.02 0.50 0.01 0.46 0.03 0.37 0.40 0.52 0.28 0.52 0.38
0.25 0.75 0.90 -0.50 0.31 0.07 0.43 0.03 0.32 0.07 0.28 0.86 0.34 0.77 0.31 0.84

0.50 0.75 0.50 -0.50 0.54 0.04 0.57 0.04 0.59 0.06 0.56 0.47 0.66 0.42 0.69 0.47
0.75 0.75 0.50 -0.50 0.75 0.05 0.77 0.04 0.79 0.08 0.78 0.50 0.85 0.48 0.86 0.53

0.25 0.50 0.10 -0.50 0.50 0.00 0.53 0.00 0.53 0.00 0.53 0.06 0.68 0.04 0.70 0.07
0.25 0.50 0.50 -0.50 0.49 0.01 0.53 0.00 0.49 0.02 0.44 0.37 0.57 0.27 0.55 0.36
0.25 0.50 0.90 -0.50 0.37 0.06 0.44 0.04 0.36 0.06 0.30 0.84 0.36 0.77 0.32 0.83

0.25 0.90 0.10 -0.50 0.41 0.01 0.51 0.00 0.52 0.01 0.40 0.07 0.57 0.04 0.64 0.08
0.25 0.90 0.50 -0.50 0.37 0.03 0.49 0.01 0.43 0.04 0.35 0.41 0.49 0.28 0.51 0.38
0.25 0.90 0.90 -0.50 0.28 0.08 0.42 0.04 0.30 0.08 0.27 0.86 0.32 0.77 0.30 0.83

0.25 0.75 0.10 -0.10 0.48 0.00 0.53 0.00 0.50 0.01 0.34 0.07 0.58 0.02 0.53 0.08
0.25 0.75 0.50 -0.10 0.43 0.02 0.51 0.01 0.43 0.03 0.31 0.43 0.54 0.13 0.43 0.39
0.25 0.75 0.90 -0.10 0.35 0.06 0.47 0.02 0.34 0.07 0.26 0.88 0.39 0.58 0.29 0.85

0.50 0.75 0.50 -0.10 0.51 0.05 0.55 0.03 0.53 0.08 0.46 0.55 0.61 0.39 0.53 0.61
0.75 0.75 0.50 -0.10 0.73 0.05 0.76 0.05 0.74 0.10 0.66 0.52 0.79 0.48 0.74 0.55

0.25 0.50 0.10 -0.10 0.50 0.00 0.56 0.00 0.50 0.00 0.40 0.07 0.65 0.02 0.52 0.08
0.25 0.50 0.50 -0.10 0.45 0.02 0.55 0.00 0.42 0.03 0.34 0.40 0.61 0.12 0.42 0.39
0.25 0.50 0.90 -0.10 0.35 0.07 0.44 0.04 0.35 0.07 0.28 0.85 0.43 0.58 0.29 0.84

0.25 0.90 0.10 -0.10 0.43 0.00 0.52 0.00 0.49 0.01 0.30 0.08 0.54 0.02 0.52 0.08
0.25 0.90 0.50 -0.10 0.40 0.02 0.51 0.00 0.41 0.04 0.28 0.45 0.51 0.13 0.42 0.39
0.25 0.90 0.90 -0.10 0.30 0.07 0.47 0.02 0.30 0.08 0.26 0.87 0.38 0.56 0.29 0.84

Structural parameters Panel A: β =0.1 Panel B: β =1

GMM1 GMM2 ML GMM1 GMM2 ML



Table 6: Plim of estimators in the feedback model with omitted dynamics

ω f ω b
1 ω b

2 ρ γ α f b α f b α f b α f b α f b α f b
0.33 0.33 0.34 0.50 -0.50 1.10 -0.09 1.46 -0.18 0.57 0.00 0.76 0.71 0.73 0.73 0.55 0.78
0.33 0.33 0.34 0.75 -0.50 1.06 -0.10 1.32 -0.17 0.56 0.01 0.67 0.60 0.63 0.64 0.51 0.69
0.33 0.33 0.34 0.90 -0.50 0.87 -0.07 1.15 -0.15 0.50 0.02 0.59 0.58 0.56 0.61 0.47 0.66

0.25 0.25 0.50 0.75 -0.50 1.62 -0.17 2.03 -0.25 0.61 0.00 0.88 0.38 0.75 0.49 0.55 0.57
0.50 0.00 0.50 0.75 -0.50 1.59 -0.21 1.89 -0.29 0.71 -0.03 1.18 0.58 0.96 0.71 0.74 0.77
0.50 0.25 0.25 0.75 -0.50 0.88 -0.06 0.97 -0.10 0.58 0.04 0.72 0.79 0.70 0.80 0.59 0.84
0.65 0.35 0.00 0.75 -0.50 0.65 0.10 0.65 0.10 0.65 0.10 0.66 1.00 0.66 1.00 0.65 1.00
0.75 0.75 -0.50 0.75 -0.50 0.46 0.36 0.48 0.34 0.70 0.23 0.41 1.48 0.38 1.51 0.53 1.41
0.75 -0.50 0.75 0.75 -0.50 4.09 -0.51 3.46 -0.38 1.17 0.02 4.74 0.83 1.58 1.51 1.92 1.60

0.33 0.33 0.34 0.50 -0.10 0.94 -0.03 1.59 -0.16 0.47 0.03 0.59 0.52 0.76 0.32 0.42 0.61
0.33 0.33 0.34 0.75 -0.10 1.04 -0.10 1.59 -0.22 0.49 0.02 0.49 0.46 0.58 0.30 0.39 0.54
0.33 0.33 0.34 0.90 -0.10 0.90 -0.09 1.44 -0.23 0.47 0.02 0.42 0.47 0.47 0.37 0.37 0.52

0.25 0.25 0.50 0.75 -0.10 1.46 -0.13 2.11 -0.24 0.52 0.01 0.59 0.24 0.85 -0.10 0.39 0.39
0.50 0.00 0.50 0.75 -0.10 1.47 -0.20 2.24 -0.40 0.53 0.02 0.75 0.31 0.80 0.24 0.49 0.50
0.50 0.25 0.25 0.75 -0.10 0.78 -0.05 1.05 -0.17 0.50 0.04 0.58 0.64 0.60 0.61 0.48 0.69
0.65 0.35 0.00 0.75 -0.10 0.65 0.11 0.65 0.11 0.65 0.10 0.65 1.00 0.65 1.00 0.65 1.00
0.75 0.75 -0.50 0.75 -0.10 0.51 0.20 0.55 0.19 0.83 0.11 0.55 1.53 0.56 1.52 0.81 1.33
0.75 -0.50 0.75 0.75 -0.10 3.19 -0.49 4.07 -0.68 0.68 0.04 1.62 -0.06 1.18 0.27 0.70 0.56

Structural parameters Panel A: β =0.1 Panel B: β =1

GMM1 GMM2 ML GMM1 GMM2 ML



Table 7: GMM and ML estimates of the hybrid Phillips curve with a single lag

Parameter std dev. Parameter std dev. Parameter std dev. Parameter std dev.

ω f 0.664 0.120 0.697 0.119 ω f 0.451 0.035 γ 1 0.055 0.059

ω b 0.326 0.120 0.293 0.119 ω b 0.539 0.035 γ 2 -0.110 0.067

β -0.027 0.043 -0.036 0.043 β 0.037 0.019 γ 3 0.024 0.062
ρ 1 1.033 0.077
ρ 2 -0.069 0.111
ρ 3 -0.163 0.076

stat. p-value stat. p-value stat. p-value stat. p-value
J-stat - 4.645 0.326 lnL -412.82

see 0.631 see 0.727
Q (4) 4.130 0.042 Q (4) 0.046 0.831
R (1) 5.208 0.023 R (1) 0.432 0.511
J-B 0.443 0.801 J-B 2.460 0.292

GMM1 GMM2
ML

Phillips curve Output-gap equation



Table 8: ML estimates of the hybrid Phillips curve with three lags

Parameter std dev. Parameter std dev.

ω f 0.401 0.143 γ 1 0.074 0.055

ω b
1 0.468 0.097 γ 2 -0.101 0.067

ω b
2 -0.082 0.096 γ 3 -0.010 0.056

ω b
3 0.202 0.069 ρ 1 1.024 0.075

β 0.102 0.058 ρ 2 -0.072 0.110
ρ 3 -0.157 0.076

stat. p-value stat. p-value
lnL -402.74
see 0.745 see 0.727
Q (4) 0.168 0.682 Q (4) 0.029 0.865
R (1) 8.054 0.005 R (1) 0.503 0.478
J-B 2.321 0.313 J-B 2.363 0.307

Phillips curve Output-gap equation



Table 9: Finite-sample properties of estimators evaluated by Monte-Carlo simulations

Median MAD Median MAD Median MAD

ω f 0.559 0.042 0.600 0.052 0.455 0.029

ω b
1 0.431 0.042 0.390 0.052 0.535 0.029

β 0.019 0.015 0.004 0.020 0.034 0.011

GMM1 GMM2 ML



Figure 1: Domain of validity of the hybrid model with two lags
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Figure 2: Areas for the different rankings of Plims of estimators in the hybrid model with two lags
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